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Abstract 



COURANT AlGEBROIDS: COHOMOLOGY AND 

Matched Pairs 



We introduce Courant algebroids, providing definitions, some historical notes, 
and some elementary properties. Next, we summarize basic properties of 
graded manifolds. Then, drawing on the work by Roytenberg and others, we 
introduce the graded or supergraded language demostrating a cochain com- 
plex/ cohomology for (general) Courant algebroids. We review spectral se- 
quences and show how this tool is used to compute cohomology for regular 
Courant algebroids with a split base. Finally we analyze matched pairs of 
Courant algebroids including the complexified standard Courant algebroid of 
a complex manifold and the matched pair arising from a holomorphic Courant 
algebroid. 
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Chapter 1 
Introduction 



The skew-symmetric Courant bracket was first introduced by Courant in 1990 (see 
[Cou90]) in order to describe Dirac manifolds, a generalization of presymplectic and 
Poisson manifolds. Parallel considerations in variational calculus led Dorfman [Dor87, 
Dor93] to derive a similar bracket which is not skew-symmetric, but which fulfills a 
certain easy Jacobi identity. 

Poisson manifolds are a slight generalization of symplectic manifolds and have a 
rich geometric structure, starting from a Poisson bracket, expanding to the association 
of a Hamiltonian vector field to a function, and further expanding to areas such 
as Poisson cohomology. Presymplectic manifolds seem a bit odd in the beginning, 
because they present no such nice structure, but nevertheless occur naturally as a 
submanifold of a symplectic manifold. This is because the pullback of the symplectic 
form is closed under the de Rham differential, yet may be degenerate. The property 
of closedness defines a presymplectic form. 

In the context of a twisted Courant bracket it is also possible to describe twisted 
Poisson structures as Dirac structures, as shown by Severa and Weinstein [SWOl]. 
These occur naturally in the context of gauge fixed Poisson sigma-models with bound- 
ary terms (see e.g. [KS02]). 

In 1997 Liu, Weinstein, and Xu introduced the notion of a Courant algebroid in 
order to describe Manin triples for Lie bialgebroids. This is the vector bundle analog 
of a Manin triple of Lie algebras. Such a triple consists of a quadratic Lie algebra of 
split signature, a maximal isotropic Lie subalgebra, and its dual embedded into the 
quadratic Lie algebra. The important property of the quadratic Lie algebra is that 
it has the additional structure of a symmetric nondegenerate bilinear form which is 
compatible with the Lie bracket. 

In short, a Courant algebroid consists of a bracket on the sections of a vector 
bundle (analogous to a Lie algebra) subject to a Jacobi identity, an anchor map 
subject to a Leibniz rule, and an inner product compatible with the bracket (analogous 
to quadratic Lie algebras). However, due to the existing axiomatic conclusions, one 
has to violate the skew-symmetry. This version is called Dorfman bracket. 

With the skew-symmetrized bracket the Courant algebroid is an Loo algebra of 
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length 2, as observed by Roytenberg and Weinstein [RW98]. An important step 
forward by Roytenberg [RoyOl] was a description of Courant algebroids in terms of a 
derived bracket as introduced by Kosmann-Schwarzbach [Kos96], or equivalently in 
terms of a nilpotent odd operator (also known as Q-structure). Hence the Courant 
algebroid structure with its intricate axioms can all be encoded in a cubic function 
H on a. graded symplectic manifold and its derived bracket. 

Recently, the complexified (exact) Courant algebroids have become popular as a 
framework for the generalized complex geometry (see for example [Hit03, Gua04]). 
Moreover, a reduction procedure (analogous to Marsden- Weinstein reduction in sym- 
plectic geometry [MW74] ) of exact Courant algebroids and generalized complex struc- 
tures has been described by Bursztyn et al [BCG07]. 

In addition to their use for Dirac structures, Courant algebroids permit access 
from the point of view of theoretical physics as target spaces of sigma models, see 
e.g [ParOl, IkeOS, HP04, Roy07]. A long-term question is how to quantize Courant 
algebroids using the Feynman path integral. The first step has already been taken by 
Roytenberg who described the symmetries of the Courant sigma-model in AKSZ-BV 
formalism. 

The plan of the thesis is as follows. Chapter 2 presents Lie algebroids. Lie bialge- 
broids, Courant algebroids, and Dirac structures. Moverover it introduces the graded 
and supergraded geometry. Then we explain the derived bracket construction for 
Courant algebroids and describe Dirac structures in super language. We finish by ex- 
plaining spectral sequences, which serve as the base of the constructions in Chapter 
3. 

Chapter 3 presents the detailed results and proofs computing the standard co- 
homology of regular Courant algebroids with a split base. In particular, we prove a 
conjecture of Stienon and Xu. 

Chapter 4 gives detailed results and proofs about matched pairs of Courant al- 
gebroids. Examples arise from complex geometry and certain regular Courant alge- 
broids. 



Chapter 2 
Basic notions 



2.1 Courant algebroids and Dirac structures 

In this chapter we will introduce Lie algebroids and Courant algebroids together with 
some examples. Further, we give the definition and examples of Dirac structures. 

2.1.1 Lie algebroids 
Definition 

Definition 2.1. A Lie algebroid is a triple [A — M, [.,.], p) consisting of a vector 
bundle A over a smooth manifold M, a skew- symmetric 'R-bilinear operation [.,.] : 
T{A) (8> r(yl) — )■ T{A), where T{A) are the smooth sections of A, and a vector bundle 
map p: A ^ TM, called the anchor, such that 

[0,[^l,^2]] = [[0,^l],V^2] + [^l,[0,^2]] 
[0,/-V^]=p(0)[/]-V^ + /-[0,^] 

where (t),^,^i,^2 e T{A) and f e C°°{M). 

The bracket is not associative, instead the first axiom ( Jacob i-identity) tells us 
that [0, .] is a derivation with respect to the bracket. This turns T{A) into a Lie 
algebra. The second axiom (Leibniz rule) tells us that the bracket is not C°°-linear. 

Remark 2.2. A first observation due to Uchino [Uch02] is that the anchor map p is a 
morphism of brackets, p[ipi,4'2] = [pii^i), p{4'2)], as it follows from the two axioms. 

Examples 

Example 2.3. One class of examples are Lie algebras which are Lie algebroids over a 
point M = {*}. Here p = 0,A = Qisa. vector space with a bracket that has to fulfill 
the first axiom (Jacobi identity). 
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Example 2.4. The tangent bundle A = TM of a manifold M is a Lie algebroid. Here 
p = id-TA/ and [., .] is the commutator of vector fields. 

Example 2.5. Take an arbitrary vector bundle V ^ M and consider the set of linear 
covariant differential-operators (CDO). These are M-linear maps ip : T{V) — )■ T{V) 
such that there is a vector field X G X(M), satisfying 

,p[f-v]=X[f]-v + f-ij[v], 

for all V e v{y),f e C^{M). 

Note that given a fixed with an associated vector field X, then this X is unique 
(as long as V is of rank at least one). Moreover the set of all covariant differential 
operators forms a module over C°°(M) via 

(/ ■ m ■v] = U- X)\g] -v + fg- m yf,g e C^{M) 
{ij + (P)[g-v] = {X + Y)[g]-v + g-ij[v]+g- 0^] V0, ^P G CDO 

where Y is associated to (p. Therefore 

p : CDO ^ X(M) -.tfj^X 

is a map of C°°(M)-modules. As any affine connection V on \^ gives rise to a map, 

V:X(M)^CDO: X^Vx- 

It follows that p is surjective. 

r(End(l^)) = {tpe CDO : pitp) = 0} , 

hence, we obtain the following short exact sequence 

^r(End(y)) ^ CDO A X{M) 
In fact, we have the following: 

Proposition 2.6 (Mackenzie [Mac05]). Given a vector bundle V M, there is a 
vector bundle '^{V) — )■ M whose sections are the covariant differential operators, 
fitting into the short exact sequence. 

^ End(V) -> D{V) A TM (2.1) 

Moreover, l^iV) is a Lie algebroid with the commutator bracket. 



2.1 Courant algebroids and Dirac structures 
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Example 2.7 (Gauge Lie algebroid). Let g be a Lie algebra acting on a smooth man- 
ifold M, i.e. suppose we have a morphism p : g — )■ X{M) of Lie algebras: 

p[X,Y] = [p{X),piY)]. 

Then the bundle M x g — )■ M can be endowed with the structure of a Lie algebroid 
as follows: 

p(X)(p) :=p(X(p)). 

For the constant sections X,Y & g: 

[X,Y]{p) = [Xip),Y{p)] 

and extended by Leibniz-rule to arbitrary sections as 

[f-X,g- Y]{p) = f{p)g{p) ■ [X{p),Yip)] + f{p)p{X)ip)[g] ■ Y{p) - g{p)piY)ip)[f] ■ X{p) 

Example 2.8. Any regular integrable distribution D C TM is a Lie algebroid. The 
anchor map is the embedding p : D C TM and the bracket is induced from the 
commutator bracket. □ 

Yet another class of examples arises from Poisson geometry. Recall that the 
Schouten-Nijenhuis bracket on multivector fields is the graded extension of the com- 
mutator bracket for tangent vector fields. For simplicity of notation we use the same 
notation for both brackets. 

Definition 2.9. A Poisson manifold (M, vr) is a smooth manifold endowed with a 
hivector field tt G r(A^TM) subject to [tt, vr] = 0. 

There are two brackets arising from such Poisson structures: 

Proposition 2.10 (Weinstein [LW85]). Given a Poisson bivectorn, then 

1. the smooth functions C°°{M) together with the skew- symmetric bracket 

{f,g} = iT{df,d9) 
form a Poisson algebra, i.e. 

{f,9h} = {f,g}h + g{f,h} 
{/, {g,h}} = {{f,g},h} + {g,{f,h}}- 

2. T*M is a Lie algebroid with the anchor map 

p{a)[f] = (7r,a Ad/) 

and whose Lie bracket fulfills 

[df,dg]. = d{f,g}, 
[a,ff3]^ = f[a,/3]^ + TT*{a)[f]-f3. 
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For general 1-forms it reads as: 

[a, (3]^ = Cp{^a)P - l^p{fi)Oi - d(7r(a, /?)) Va, /3 e fi^(M) 

Proof. The Leibniz rule of the Poisson bracket follows from the Leibniz rule of the de 
Rham differential. 

{/, {9,h}}-{{f,9},h}-{g,{f,h}} 

= [[vr, /], [[tt, gl h]] - [[n, [[n, f],g]],h] - [[n, g], [[n, /], h]] 
= [[[7rJl[n,g]],h]-[[n,[[7r,f],g]],h] 
= [[[n, [rrj]],g],h] 

= ^-[[[[n,n]J],g],h]=0 

Jacobi identity for exact 1-forms follows from this. It remains to check that the Jacobi 
identity holds when the forms are multiplied by functions. We show this by showing 
that the Jacobiator is a tensor: 



Jac{a,f3,'j) := [a, [f3,-f]^]^ + [7, [a,f3]^]n + [/?, [7,tt]7r]7r 
Jac{fa,P,-f) = -p[l3,-f]^[f] ■ a + /[a, [/3,7]^]^ - [7,p(/3)[/] ■ a]^ 
+ [7,/[a,/3],]^ + [/3,p(7)[/] ■«]^ + [/3,/[7,a]J^ 
= f Jac{a,l3,'y) 

□ 

2.1.2 Lie bialgebroids 

Given a Lie algebroid A — )■ M, we can define a differential dA : ^m{A) n^fiA) 
with nil (A) ■= r(AM*) as follows: 



(dAw)(?/'0, . . . = ^{-iyp{tlJi)[uj{tlJu • • • • • • 

1=0 

+ (2.2) 

i<j 

where ipi G ^{A). 

Definition 2.11. A Lie bialgebroid [A, A*) is a pair of Lie algebroids whose vector 
bundles are dual to each other and whose structures are compatible in the sense that 



dA' [0, i^U = [dA-0, + [0, dA'tpU V0, tp e T{A) 



2.1 Courant algebroids and Dirac structures 
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Example 2.12. A Lie bialgebra is a Lie algebra (g, [.,.]) together with a differential /i : 
g — )■ A^g which is a 1-cocycle 6fi = 0, where 6 is the Chevalley-Eilenberg differential 
from Lie algebra cohomology. The differential n gives rise to a bracket I2 = [., .]g* on 
the dual space. Due to duality this bracket fulfills [6, 12] = 0, which is the defining 
property of a Lie algebra. A Lie bialgebra arises as infinitesimal version of a Poisson- 
Lie group (see also [Dri86]). Due to a proposition by De Smedt [Sme94] every Lie 
algebra permits a non-trivial bialgebra structure. For further details see, e.g. [LW90, 
CGR94]. 

Example 2.13. More particular examples are exact Lie bialgebras. A Lie bialgebra 
(0, [., .], /i) is called exact iff /i = 6r. In this case 6fi = follows trivially. In order for 
fi to be nil-potent r G A^g needs to fulfill: 

VXGg:[[r,r],X] = 

One particular solution is [r,r] = where again [., .] is the Lie bracket extended to 
exterior powers of the Lie algebra. 

A particular example on s[2C is as follows. We choose the basis {H, X^, X^} 
with X-t] = ±2X± and [X+,X_] = H. One choice of r is r = H A X^, because 
here [r, r] = and {6r){X_) = 2X_ A X_|_ 7^ 0. The other two derivations are 
((5r)(X+) = and {6r){H) = 2H A X_|_. Therefore the Lie algebra structure on the 
dual space g* in the dual base {H*,X%X*_} is = ^H*, [X*,X;], = iX^, 

and [H*,X*_], = 0. 

Proposition 2.14 (Mackenzie and Xu [MX94]). Every Poisson manifold gives rise 
to a Lie bialgebroid {{T*M)^,TM). 

Proof. We have to show 

d[a, = [da, 13]^+ [a, d/3]^ Va, /3 G fi^ (M) . 

The formula is trivial for exact forms. For the general case we have to check that 
both sides gain the same terms when multiplying a form with a smooth function. 

d[d/,^id^2] = d(p(d/)[^i]d^2) + d^i A [d/,d^2],r 
= [d/, dgi]^ A dg2 + dgi A [d/, dg2]n 
= [dV,^id^2]. + [d/,d(^id^2)] 

The same formula holds for the first argument of the bracket due to skew-symmetry. 

□ 

2.1.3 Courant algebroids 
Definition 

Definition 2.15. A Courant algebroid is a vector bundle E ^ M with three opera- 
tions: a symmetric non-degenerate bilinear form (.,.) on E, an W-bilinear operation 
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o : T{E) ® r{E) — )■ T{E) on the sections of E and a bundle map p : E TM, called 
the anchor map, satisfying the following rules: 

o o ijj2) = (0 o i'l) o ?/;2 + ^1 o (0 o ^2) (2.3) 
0o(/-V;) = p(0)[/]-^/; + /-(0oV^) (2.4) 

0o0 = ipM(0,0) (2.5) 
p{<P){iP,ij) = 2{<potP,tP) (2.6) 

where (j),ip,il!i,ip2 o?^e sections of E, f is a smooth function on M, d is the de Rham 
differential (from functions to 1-forms) and 

p* : T*M E 

is induced by p and the identification of E and E* via the bilinear form (., .). 

The first two axioms are similar to those of a Lie algebroid and imply in particular 

p(0o^) = [p0,p^] (2.7) 

as observed by Uchino [Uch02]. The last axiom is the invariance of the inner product 
under the bracket and equivalent to 

P(0)(^l,^2) = {(l)Otlji,ip2) + {llJuCj) 04)2) . 

Example 2.16. Liu et al [LWX97]. Let {A, A*) be a Lie bialgebroid and consider the 
direct sum A® A* with the natural inner product and the bracket: 

{X ® a,Y ® = a{X) + (5{Y) 
p{X®a) = pa{X) + pA*{a) 
{X®a)o{Y®[5) = ([X, Y]a + CfY - ipd^^X) ® ([«, + CxP - ^yd^«) 

Then this forms a Courant algebroid. 

However, the operation o is not skew- symmetric, but equivalent to a skew-symmetrized 
one. 

Proposition 2.17. The non-skew-symmetric Courant bracket with its axioms is 
equivalent to the skew- symmetric bracket [0, ^/'j := \{(t) o ifj — ifj o (p) and the following 
axioms 

[[V^i, V^2], V^s] + [[^2, V^s], V'l] + [[^3, V^i], ^2] = \V {{[iPi, ^2l ^3) + cycl.) 

[i^i, f-H = f- [i^u H + p(^i)[/] ■ ^2 - 1(^1, i^2) ■ Vf 

{Vf,Vg)=0 

p{<P){4ju4j2) = {[<P,i'i] + lv{<p,^p,),^P2) + {4^1, [<P,^p2] + lv{<p,tP2)) 



2.1 Courant algebroids and Dirac structures 
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The non- skew- symmetric bracket can be reconstructed as 
Where 

V : C°°{M) T{E) 
{A,Vf) = p{A)[f] 

The proof can be found in Roytenberg [Roy99, Prop. 2. 6. 5]. 

Remark 2.18. Analogously to Lie algebroids the anchor map is a morphism of brack- 
ets, i.e. p{(f)Oip) = [p{(f)), p{ip)]. As observed by K. Uchino [Uch02] this follows from 
the first 2 axioms, for Lie algebroids as well as for Courant algebroids (also for the 
skew-symmetric bracket). 

Remark 2.19. Courant algebroids produce examples of the following definition (see 
also [LS93, defn.p.l094]). 

An Loo-algebra is a graded vector space V = (Bi^jYi together with operations: 

k : AV -> 1/ 

of degree 2 — i. The U are extended as derivations to A*y — )■ A*~'"'"^y which by abuse 
of notation we write with the same symbols. The U are subject to the axioms: 

^ (_iyO+i)(/^o/^.)(ei,...,e„) = Ve, e^,n>l 

i+j=n+l 

Let V, be the graded vector space = T{E), Vi = C°°(M), V2 = ker(p*d), K = 
for n > 3, together with the operations 



k{ei,e2) 

^3(01,02,03) 



p*df for /e 1^1 
/ for / e V2 
otherwise 

[01,02] for ej = 0i e Vo 

p(0)[/] forei = 0eK),e2 = /GFi 

-p(0)[/] for ei = / e VS, 62 = e V^o 

otherwise 



^1, <A'2 







^3) - cycl. for 0i G Vq 
otherwise 



: for n > A . 



The theorem now reads as follows [RW98]: The above structure makes a Courant 
algebroid an Loo-algebra. 
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Exact Courant algebroids 

Definition 2.20. A Courant algebroid E M is called transitive iff its anchor map 
is surjective. It is called exact iff in addition 

ikE = 2dimM . 

Exact Courant algebroids fit into the short exact sequence: 

^ T*M A E A TM ^ , 

because 

p o p*d{tpi, tp2) = pii^i o i^2) + p(^2 o i^i) = [piJi,pip2] + [pi^2, pi^i] = o 

and {ipi,ip2) locally generates all functions. Exactness is due to dimensional reasons. 
An isotropic splitting of this sequence is a : TM — )■ E such that p o a = idrM and 
{a{X), cr{Y)) = for all X,Y & TM. These exist, because E is a. vector bundle. 

If we choose an isotropic splitting a : TM — )■ E, we can introduce the function 
H[X, Y, Z) := {(y{X) 0(T(y), a{Z)). Then is a closed 3-form. Under the change of 
the splitting a ^ <j + for any 2-form i?, H changes by the exact term dB. 

Proposition 2.21 (Severa [Sev99]). There is a one-to-one correspondence between 
equivalence classes of exact Courant algebroids and H^^{M). 

Proof. The above construction defines the closed 3-form for a given exact Courant 
algebroid. Conversely given a closed 3-form the following example constructs a corre- 
sponding exact Courant algebroid. A short proof that this fulfills indeed the axioms 
of a Courant algebroid is given at the end of section 2.2.4. □ 

Example 2.22. twisted Courant algebroid [Sev99]. E = TM © T*M with the 
inner product 

(X©a,F©/3) = + , 

and the anchor map 

p{X © a) = X . 

Let H twist £ ^^{M) be a closed 3-form. One can now define a bracket as: 

{X®a)o{Y® 13) := [X, Y] © {CxP - tyda + tx^yHt^mst) (2.8) 

For X,Y e X(M), e n^{M). It is called the (twisted) Dorfman bracket. This 
bracket forms a Courant algebroid. The skew-symmetric version reads as 

[X © a, r © /3] := [X, Y] © (cx(3 - Cya + ^I?(«(F) - /3(X)) + ^x^yHtw^s^ 



2.1 Courant algebroids and Dirac structures 
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Example 2.23. More generally, start with an arbitrary Lie algebroid A (and A* its 
dual endowed with differential d^)- Pick a d^-closed A-S-form H twist ^ r(A^y4*) and 
define inner product, anchor map and the operation analogously on A® A*. 

{X ® a,Y ® = a{Y) + l3{X) 
p{X ®a) = pa{X) 
{X®a)o{Y ® 13) = [X, Y]a ® {CxP - zyd^a + ^x^YHtw^st) , 

then this forms a Courant algebroid. With the 74-Lie derivative Cx = [ix,dA]- 



2.1.4 Dirac structures I 

Definition 2.24. Given a Courant algebroid {E — j- M, o) and a vector suhhundle 
L C E with support on a submanifold N C M, we say that an operation : Tx{L) ® 
Tx{L) — Vx{E) is induced by o on E iff all ipi G Vn{L), ip'^ G T{E) with ipi = ip'^lx 
fulfill ipi OLip2 = {ip'i 0^^2)1 N- 

The following slightly generalized definition of Dirac structures goes back to Brusz- 
tyn, Iglesias-Ponte and Severa [BIS08]. 

L E 

Definition 2.25. Given a Gourant algebroid E — M. A subbundle 

N M 

(N C M a submanifold) is called 

Lagrangian iff' it is isotropic and has rank half the rank of E; 

almost Dirac iff it is isotropic and the anchor maps L into TN; 

Dirac iff it is Lagrangian, sub-Dirac, and for all sections ipi G T{E) with ipilx G 

r(L), (v;io^/>2)|7vGr(L). 

Proposition 2.26. 1. Given a 2-form u G f2^(M) then its graph 

graph(a;) := {X ® ixuj : X e TM} C (TM © T*M) 
is Dirac in the standard Gourant algebroid iffduj = 0. 
2. The graph of a bivector n G r(A^TM), 

graph(7r) = {7r*a ® a : a E T*M} 
is Dirac in the standard Gourant algebroid iff it is Poisson, i.e. [vr, tt] = 0. 
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Therefore Dirac structures (in the standard Courant algebroid) unify the notion 
of (pre)symplectic and Poisson structures on the manifold. 

Next we wish to investigate under which conditions an isotropic submanifold of a 
Courant algebroid inherits a bracket. 

Note that a generalized Dirac structure over an arbitrary submanifold does not 
necessarily inherit a bracket. The condition for this is as follows. 

L E 

Proposition 2.27. A vector subbundle of a Courant algebroid {E, (., .),o, p) 

M 

has an induced operation : T{L) x r(L) — )■ Tn{E) iff p{E\]\f) C TN. 
Proof. 

step 1: denseness of extensible sections Since is an embedded submanifold the 
functions on M restricted to are dense in the set of all smooth functions on 
A^. Analogously, for every point p & N there is an open neighborhood U M 
over which E and Luf^^ are trivial and Eu has a frame {ca : 1 < a < k} 
{k := TkE) such that {ea\N : 1 < a < /} (/ := rkL) form a frame of L over 

unN. 

Therefore a bracket that is defined on extensible sections uniquely extends to 
all (smooth) sections of L. 

step 2: ambiguity of the extension The question is now whether the bracket depends 
on the extension of a section. Let e r(£') such that V'ilAf G r(L). Then 
ipi + ipi would be another extension of iPi\n iff "^i ^ r(£') and iPi\n = 0. It 
turns out that the set I{N) ■ TiE), where I{N) := {/ e C°°{M) : /l^v = 0}, is 
dense in the set of all sections ipi. Therefore one needs to check whether 

(^1 O tP2)\N = {{i^l + fl ■ O (^2 + /2 ■ ^P2))\N 

or equivalently 

Hi^l O (/2 ■ + {fl ■ ^[) O ^2 + {fl ■ O (/2 ■ ^2))\n 

=/2 ■ {^1 O ^2) + P(^l) [/2] ■ + /l ■ (^; O ^2) - P{^2) [fl] ■ ^[ 

+ {^[,^2)Vf, + /2(/i ■ ^[)oij2 + /ip(^0[/2] ■ ^2 all restricted to A^ 

The terms containing at least 1 factor / obviously vanish on A^. 

step 3: "<^" Also the terms containing the factors p{ip)[f] vanish on A^ because of the 
following fact from differential geometry: 

Lemma 2.28. Let N C M be an embedded submanifold. Then X E X{M) 
which has X\n G X{N) maps I{N) I{N). 



2.2 Graded geometry 



13 



Here I{N) denotes the ideal of functions vanishing on the submanifold N C M. 
The last term vanishes if one can prove that P/Iat = 0. V = p* o (ImIn gives 
(Vf)\N = p* o (dAT © div)/ where (In is the de Rham differential on and 
dN : I{N) — > r(A^*A^) is the second part of the de Rham differential of M when 
the image is restricted to A^. More precisely N*N T^^M -> T*N 0. 

Clearly the second part vanishes since fl^ = 0, but the first part requires 
P*\n*n = 0. This condition is also necessary if the map : C°°{N) — )■ T]\r{E) 
should be induced by the map V : C~(M) ^T{E). 

Finally considering the dual ^ NN ^ TnM ^ TN ^ then p*\n''N = is 
equivalent to p* o e = and equivalent to e* o p = 0. But this is equivalent to 
p(EU) C TN. 

step 4: From the previous analysis it follows that all the remaining terms beside 

those containing a factor from I{N) have to vanish together. However setting 
/i to one sees that p{L) C TN is needed first (which is therefore an explicit 
condition in the definition of sub-Dirac structure). 

But then again the term 1^2)1^ fi is the remaining one. From the well- 
definedness of Ol one concludes that this has to vanish. The inner product 
takes values in a dense set of C°°{M) fl C°°{N), thus {Vf)\N has to vanish. 
Since the last part in the previous step was an iff one can conversely conclude 
that actually p{E\n) C TN. 

□ 

An immediate consequence is 

Corollary 2.29. // the bracket is well defined on an isotropic suhhundle L ^ N of a 
Courant algebroid E M it forms automatically a Lie algebroid. 

Proof. Extend the sections isotropically and observe that the bracket is skew-symmetric. 

□ 

2.2 Graded geometry 

Here we give a short introduction to graded geometry, graded vector bundles, and 
graded symplectic and Poisson manifolds. We then continue with the derived bracket 
and standard cohomology of Courant algebroids. We finish with description of Dirac 
structures in superlanguage. 

2.2.1 Comparison to sup ermanif olds 

For a good and detailed introduction to sup ermanif olds see, for instance, [Vor91]. 
Further references for graded manifolds are [Vor02, section 4], [Sev05, section 2] or 
[RoyOl, section 2]. 



14 



Chapter 2 Basic notions 



First we need the notion of a ringed space/ manifold. 

Definition 2.30. A ringed space (M, O) is a topological (Hausdorff) space M together 
with a sheaf of rings 0{»). 

A ringed manifold (M, O) is a ringed space (M, O) such that Cf} is a subsheaf of 

O. 

Every smooth manifold is canonically a ringed space, here O = C°°. Note that in 
this case the (sheaf of) ring(s) separate points. 

Definition 2.31. A supermanifold is a ringed manifold (M, O) of'L2-graded algebras 
(!?(•) which are locally free and of constant dimension, i.e. there is ap & N such that 
for every point x G M , there is an open neighborhood U ^ M with 

0{U) ^C^{U)^A'W (2.9) 

A smooth map f : (M, O) — > (A^, V) of supermanifolds is a map of base manifolds 
f : M ^ N together with a map of sheaves f*:V^O which is a morphism of Z2- 
graded algebras. It is said to be infective iff f* is surjective. It is said to be surjective 
"^fJ f* injective. 

Example 2.32. 1. Let E' — )■ M be a vector bundle. We construct the supermanifold 
HE as space M with the structure sheaf 0{U) := T{U, A'E*) for U CM, open. 

2. let A4 := U X IIMP with U C M"? be a supermanifold. We introduce the coordi- 
nates X* on U, on the odd fiber IIM^. One example of a smooth map is the 
following f : M. ^ M. with 

/|m = id^^, 

n^') = + \K,{^)ee 

for smooth functions R, M, S. 

The notation A'M^ means the exterior algebra of the vector space W\ This means 
an algebra generated by p generators ^i, . . . under the relation = for 
l<i,j <P- 

Definition 2.33. A graded manifold is a ringed manifold (M, O) ofL-graded algebras 
0{») which are locally free and of constant dimension, i.e. there are non negative 
integers pi such that for every point p G M , there is an open neighborhood U C M 
with 

0{U) = S'/A'W-'(^...(^A'W-'(S)C°^{U)^A'W(S)S'W^0A'W(g)...W" (2.10) 
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The product on the right hand side implies that MP^ are the generators of degree 1, 
W'^ the generators of degree 2, .... 

A smooth map f : (M, O) — )■ (A^, V) of graded manifolds is a smooth map of the 
bases f : M ^ N together with a contravariant map f*:V O where f* is a 
morphism of Z-graded algebras. It is said to be injective iff f* is surjective. It is said 
to be surjective iff f* is injective. 

Given a smooth map f: (M, O) — )■ {N,V), the inverse image for an U ^ N is the 
"manifold" f~^{U) C M together with the restricted structure sheaf 0\f-i(jjy 

Here 5"!^^^ means the symmetric (i.e. poynomial) algebra in p2 generators Xi, . . . , 
The notation S* / K.' means that in the lowest degree k you have to take the symmet- 
ric/ exterior algebra depending on whether k is even/ odd. 

Note that in the above notation with p„ 7^ we call n the degree of the graded 
manifold (M,C). 

Let dimM = pq, then we call dim(M, C) = (. . . ,P-i,Po,Pi,P2, ■ ■ •) the dimension 
of = {M,0). If {M,0) has nonzero dimension only in non- negative degrees we 
call it an N-manifold. 

Example 2.34. 1. Let E ^ M he a. vector bundle and n an integer. The graded 
manifold E[n] is the manifold M together with the structure sheaf 

0{U) := r{U,S'E*[n]) . 

Here and in what follows we use the compact notation S'V for the graded 
symmetric tensor algebra of a graded vector space. In the case V = Vi[l], 
i.e. generators in odd degree, this means the exterior algebra and in the case 
V = V2P], i.e. generators of even degree, this means the algebra of polynoms. 

2. Let E M he a Z-graded vector bundle, i.e. the fiber is a Z-graded vector 
space F = MP^ ©M^^ © . . . M^" and the transition functions preserve the grading. 
We define the graded manifold S as the manifold M together with the structure 
sheaf: 

0{U) ■.= T{U,S'E*) (2.11) 

3. Let S = (M, O) and J-" = {N,V) he graded manifolds. Their cartesian product 
£ X J-" is the graded manifold over M x N with structure sheaf O ^V. Note 
that the tensor product of sheaves locally fulfills 

{OMV){U xV) ^ ...(g) A'RP-^+^-i ® (f/ X © © S'W'+'i^ © . . . . 

4. Let M := U xW^ [1] xM^^ ^2] he a graded manifold. We introduce the coordinates 
x* on U, of degree 1 on ]R^i[l], and of degree 2 on M^^p]. A particular 
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example of a smooth map is f : M. ^ M. with 



/Im 
fix') 

nn 



id 



M^{x)e 



■M 



This is the most general smooth map on this graded manifold. Note that due 
to the Z-grading and the absence of negative degrees the new coordinates of 
degree k depend only on coordinates of degree less or equal k. 

For supermanifolds we have the following result. 

Theorem 2.35 (Batchelor). Given a supermanifold (M, O) there exists a vector bun- 
dle E ^ M such that (M, 0)=UE. 

For a proof, see e.g. [Vor91]. 

In this way the functor 11: QJect — ©mfO, from the category of (ordinary) vector 
bundles to the category of supermanifolds, is surjective on objects. Note however 
that the category of supermanifolds has more morphisms. 

Remember, an N-manifold is a graded manifold where the coordinates have only 
non-negative degree. For such manifolds we have the following proposition 

Proposition 2.36 (Roytenberg [RoyOl]). Given an N-manifold Ai = {M,0) there 
is a tower of fibrations = — )■ A^„,_-i A4i — )■ Aio = M , where the 

M-k ore graded manifolds of degree at most k over M . The bundles Aik+i M-k o^f^^ 
affine bundles. 

Proof. The sheaves Ok are locally generated by the generators of O up to degree k. 
We have an embedding of sheaves Ok — Ok+i which gives a projection of graded 
spaces Aik+i -Mk- The fibers are affine spaces with fiber the generators of degree 



Note that the category of N-manifolds of degree 1, OTmfc)^, coincides with the 
category of (ordinary) vector bundles QJect, 



2.2.2 Graded vector bundles, tangent and cotangent bundle 



k + 1. 



□ 



Olmfc) 



QJect . 



We give a definition of graded vector bundles and proceed to the definition of tangent 
and cotangent bundles. The latter will be an important example for graded symplectic 
manifolds. 
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Definition 2.37. A graded fiber bundle is a projection p : S ^ Ai such that locally 

p-\U) = M\u y< J" (2.12) 

for a fixed graded manifold T called the fiber of p. 

A vector bundle p : £ M. is a fiber bundle where the fiber is a graded vector 
space and the transition functions are chosen to be isomorphisms of graded vector 
spaces. 

Given a vector bundle £ ^ M. we denote by £[k] the vector bundle with same 
fiber, but the grades of the fiber coordinates shifted by k. 

Note that by Tk£ we denote the dimension of the fiber of a vector bundle. 

Definition 2.38. A submanifold of a graded manifold (M, O) is a graded manifold 
{U,V) together with an infective map i: {U,V) — ?■ {M,0). 

The open submanifolds are the submanifolds {U, V) where U ^ M is open and 
V = 0\u. 

Definition 2.39. Given a fiber bundle p\ £ ^ Ai the sheaf of sections r{»,£) is the 

sheaf of maps {{f : U ^ £) : p o f = idu}. 

The next aim is to define the tangent bundle. As for smooth manifolds we want 
to define it as the vector bundle underlying the derivations of the structure sheaf. We 
need the following lemma. 

Lemma 2.40. A sheaf of modules V over a ringed space (M, O) is projective iff' there 
is a vector space F such that for every point p E M there is an open neighborhood 
peU CM with 

V{U)^0{U)®F. (2.13) 

Therefore we have the following characterization of vector bundles. 

Proposition 2.41. Finite dimensional projective modules V over Ai are in one-to- 
one correspondence with finite dimensional vector bundles. □ 

Definition 2.42. The vector fields of a smooth manifold M. = (M, O) are the sheaf 
X of (graded) derivations of the structure sheaf O. 

Proposition 2.43. The (sheaf of) vector fields is a (sheaf of) projective module(s). 
The tangent bundle TAi is the underlying vector bundle. It has rank equal to 
the dimension of the manifold, i.e. if diva Ai = (. . . ,p_i,po,Pi, • • •) then rkTAi = 
(. . . ,P-l,Po,Pl, • • •)■ 

Proof. Given a coordinate neighborhood U = {U, O) of Ai with 

Then the sheaf of derivations restricted to U is isomorphic to the sheaf generated 
from TU ■.= Ux © [1] © [2] © . . .). □ 
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Given a coordinate neighborhood U = [U, O) of Ai with coordinates of degree 
0, C,"" of degree 1, of degree 2, . . . , we introduce the coordinate vector fields d/dx^, 
8/ 8^°" deriving from the left, 8/8b^ , . . . with the usual meaning and grading opposite 
to the degree of the coordinates. Note that the fiber coordinates have opposite degree 
of the coordinate vector fields. 

Example 2.44. Given a graded manifold Ai we can define the so-called Euler vector 
field e G In a local chart this reads as 

e[x'] = 0, 

e[a = r, 

e[6^] = 26^, 



where is the compact notation for all coordinates and the degree of the (homoge- 
neous) coordinate g"" is It is easy to check that e is invariant under coordinate 
changes. 

Definition 2.45. Let M. he a graded manifold. The cotangent bundle T*}A is the 
dual vector bundle of the tangent bundle. Let VL^ be the sheaf of T* Ai , and VL^ = A^Q^ 
is the k-th graded skew- symmetric power of . 

Note that the graded skew-symmetric product is degree-wise isomorphic to the 
graded symmetric product with degrees shifted by 1, via 

decfc(dg"i A ... A dg°^) = (-1)E1=o""^'^ |x,_2,_i|^^ai . _ _ _ . ^^a^ _ ^2.14) 

Here s:V^ ^[1]- However, we will use the notation as graded skew-symmetric 
tensor product. This notion means that the sheaf VL' has a double grading, i.e. a 
homogeneous form, e.g. u = Uasd^"' A db^ , has a form degree, here 2, as well as a 
degree coming from the involved coordinates, here 3. The sign when interchanging 
forms is governed by dg'' A dg" = (— l)l"l'l/'l+i'idg" A dg^. We will denote the degree 
coming from the involved coordinates simply as degree. 

Proposition 2.46. The action of vector fields factors through a map d: O ^ , as 

X[/] = (-l)l/H^I(d/,X). (2.15) 

d: O is a derivation 

d{fg) = {-lf\\^\gdf + fdg (2.16) 

called the de Rham differential. It naturally extends to d : fi* — ?■ Q'^-^ . The cotangent 
bundle has the rank opposite to the dimension of the manifold M., i.e. for dim = 
(. . . ,p_i,po,Pi, • • •) wa have rkT*A^ = (• • • ,Pi,Po,P-i, • • •)■ 
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Proof. Analog to the coordinate vector fields of the tangent bundle TAi we have 
coordinate one-forms dx\ d^", db^ ,. . . over a coordinate chart of Ai. 
If we write the vector field X locally as 

d 

X = X"- 



then we can rewrite its application to a function / G 0{Ai) as 
with the convention 

We define the de Rham differential d as 
d: :/ (-1)1^11"!^ -dg" . 

and for higher form degrees as 

d{uJa,,...,a, ■ dg°^ A ... A dg"^) = l"ol^^^^^ . dg"o A ... A dg"'= 

Given that d is an odd derivation with respect to the form-degrees, it is a straight- 
forward computation, analog to the ungraded case, that the map d squares to 0. □ 

Definition 2.47. A Q-structure on a graded manifold Ai is a vector field Q of degree 
+1 that is nilpotent, i.e. 

[Q,Q] = 0. 

An NQ-manifold is an N-manifold with a Q-structure. 



2.2.3 Graded symplectic and Poisson manifolds 

Definition 2.48. A graded symplectic manifold is a graded manifold Ai together 
with a homogeneous two-form u G VL^{A4.) of degree d which is closed under the de 
Rham differential and the induced map : TM. — )■ T*[(i]A^ is nondegenerate. 

A graded Poisson manifold is a graded manifold A4. together with a graded Poisson 
bracket {., .} on the structure sheaf. Let {., .} be of degree d. The graded Leibniz rule 
reads as 

{f.gh] = {f,g]h + {-l)^\f\+'^\^\g{f,h] (2.17) 
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The graded Jacobi identity reads as 

{/, {g. h}} = {{/, g}, h} + {/, h}} (2.18) 

where \ f\ denotes the degree of the homogeneous function f. 

Note that there is a graded Lie bracket on the vector fields. It induces the Schouten 
bracket [., .] of degree on multivector fields X* := r(», A'TM). 

Proposition 2.49. A Poisson structure on a graded manifold Ai is uniquely de- 
termined by a bivector field U G r(A^,A^TA^) satisfying [H, 11] = 0. The relation 
is 

{f,g} = {dfAdg,U) . (2.19) 

A symplectic structure u of degree —d induces a nondegenerate Poisson structure 
of degree d as 

n# = (w#)-i . (2.20) 

□ 

The proof is analog to the proof for the ungraded case. 

Example 2.50. Given a pseudo Euclidean vector bundle (i?, (.,.)) we can construct 
the graded Poisson manifold £'[1] with Poisson bracket of degree —2 as follows: 

{e,^} = (e,r/) ve,r/er(i?) = o(i?[i])W 
{i.vim} = {^,vi}v2 + i-if^-^'^-%{^,V2} y^,v^ e OiE[i]) 

Ke} = (-i)i''i-i«|{e,r/} \/^,v^oiE[i]) 

Proposition 2.51. The cotangent bundle of a graded manifold is a symplectic man- 
ifold with symplectic potential, the Liouville form. □ 

A symplectic realization of a Poisson manifold M is a Poisson morphism vr : 
S ^ M from a symplectic manifold S. Minimality is considered with respect to the 
dimension of the fibers. 

Recall that T*E, the cotangent bundle over a vector bundle, is canonically iso- 
morphic to T*E*, the cotangent bundle over the dual vector bundle, via Legen- 
dre transformation, see e.g. [MX94, Tul77]. The two projections T*E — )■ E and 
T*E = T*E* E* add up to a map p : T*E ^ E ® E* . Therefore we have 

Proposition 2.52. T*[2]£'[l] is a minimal symplectic realization of the odd Poisson 
manifold {E ® E*)[l]. 

Proof. It remains to check minimality, but this is obvious from the local trivialization 
T*E = T*M ® E ® E* where the first factor is the minimal symplectic realization of 
the trivial Poisson manifold M. □ 
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Proposition 2.53 (Severa, Roytenberg). Let [E — )■ M, (., .)) be a pseudo Euclidean 
vector bundle. A minimal symplectic realization is 

£ := E[l\ X(sei?*)[i] T*[2\E[l] = 2*T*[2]E[1] (2.21) 

where i: E E ® E* : ijj ^ ip ® |(^, .). 

The first notation describes £^ as a fiber product over E © Tlie second 

notation describes £ pullback bundle over i. 

£ y T*[2]E[1] 

p 

E[l] {E®E*)[1] 

Proof. Consider the pullback bundle. It is a presymplectic manifold. By inspection 
it is symplectic where the symplectic form and the Poisson bivector field read as: 

u = dp,A dx' + ^Qat ■ dCd^ 

„ d d 1 d d 
n = A h -Q 

dp, dx^ 2^ 

Here are the coordinates on the base M, are the fiber-linear coordinates of 
E — > M, which gain degree 1, and pi are the symplectic dual to the and have 
degree 2. Finally gab are the coefficients of the metric (., .) in the orthonormal base 
(dual to the and is the inverse matrix. □ 



2.2.4 Derived bracket 

The Courant bracket can be seen as a derived bracket, as observed by Severa and 
Roytenberg-Weinstein [RoyOl]. 

Note that in the case of a symplectic N-manifold of degree —d, the Q-structure is 
equivalent to a nilpotent Hamiltonian H of degree d + 1, H = ^^igieO;, where e is 
the Euler vector field. 

Theorem 2.54 (Roytenberg [RoyOl]). Symplectic NQ-manifolds of degree 2 are in 
one-to-one correspondence with Courant algebroids. 

Every Courant algebroid determines a minimal symplectic realization and a cubic 
function H . 

A symplectic NQ-manifold gives rise to a derived bracket defined by 

(j)O^^J = {{H,(j)},^/J}, (2.22) 

for functions of degree 1. This is a bracket for the sections of the vector bundle 
E ^ M generated by the functions of degree 1 over the smooth manifold M, whose 
structure sheaf are the functions of degree 0. The anchor map reads 

p(^). = {{^,iJ},.}, 
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and the inner product is 

(0,V^) = {0,V'} 

Proof. In one direction there is the straightforward computation that the derived 
bracket fulfills the axioms of a Courant algebroid. The Jacobi identity is equivalent 
to the nil-potency of Q. Note that {ip,H} = Q[ip]. 

For the converse direction we need a construction of H. Locally we can trivialize 
E and S over M. We choose an orthonormal frame C,a of E for this. Let further be 
coordinates of M and pi their symplectic duals in T*M, here having degree 2. Now 
we can interpret the anchor map p as a cubic function on S and the trilinear form 
C{^i,^2,C,3) '■= {^1 o^2,C,3) as another cubic function on E. 

H{x,^,p) := pI{x)CP: - ]:CaU^m''e 

It is another straightforward computation that this hamiltonian gives the original 
bracket on E. This computation also shows that components d/dx^ and d/d^"' of Q 
are unique in order to produce all components of the operation o and anchor map p. 

It remains to check whether the local choices of H can be glued together to a 
global H and whether all components of Q are uniquely determined. The ambiguity 
of H is change by a Casimir function of degree 3. All Casimir functions form the 0th 
class of the Poisson cohomology of S. Note that S is symplectic and thus Poisson 
cohomology coincides with the de Rham cohomology. Moreover Roytenberg showed 
the following property of de Rham cohomology of graded manifolds 

Lemma 2.55 (Roytenberg [RoyOl]). The higher de Rham cohomologies, i.e. of func- 
tions and forms of degree > 1, vanish. 

Finally the uniqueness of the whole Q follows, because any Q that leaves the 
symplectic form invariant determines a unique Hamiltonian H via H = ^iqi^u where 
e is the Euler vector field that assigns the grades to the coordinates. □ 

Example 2.56. For the generalized twisted Courant algebroid on E = A (B A* the 
cubic Hamiltonian is if = + Htwist-, where is the Hamiltonian lift of the Lie 
algebroid differential d^ to £ := T*[2]y4[l] which can be seen as an odd vector field 
on A[l], and Ht^igt e r(A'^y4*) any A-3-form. In order for H to be nil-potent we need 

'^aH twist = 0. 

Example 2.57. Starting with the tangent bundle and its associated de Rham dif- 
ferential one can construct the supermanifold S = T*[2]T[1]M and lift the de Rham 
differential to a Hamiltonian Hd. This Hamiltonian is nilpotent, because the de Rham 
differential is. Moreover it produces the Dorfman bracket (see (2.8)) on TM © T*M 
as a derived bracket. Analog to the general Lie algebroid case we can twist by a closed 
3- form Htwist that will only occur in the 1-form component of the Dorfman bracket. 
This proves the axioms for the Dorfman bracket in a short, but abstract way. 

Moreover the cubic Hamiltonian permits us to define Courant cohomology as 
follows. 
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Definition 2.58 (Roytenberg [RoyOl]). Let {E — )■ M, o, p, (.,.)) be a Courant alge- 
broid. Let H be a cubic Hamiltonian that generates the Courant bracket on a mini- 
mal symplectic realization £. Then the Courant cohomology is the cohomology of the 
(graded) functions with respect to the nilpotent operator Q := {H, .}. 

The lowest cohomology groups have some common interpretations. is the 
space of functions on the base M that are constant along the leaves of the anchor 
foliation. is the space of sections of E that act trivially as ipo on E modulo the 
exact sections, i.e. images of smooth functions under the operator V = p*d. is 
the space of linear vector fields on E that preserve the Courant algebroid structure, 
modulo those vector fields that are generated by sections of E as ipo. is the 
space of infinitesimal deformations of the Courant algebroid structure modulo the 
ones generated by functions of degree 2. governs the obstructions of extending 
infinitesimal deformations to formal ones. Note that compared to usual deformation 
theory the labels of the cohomology groups are shifted by two. 

Roytenberg's Lemma 2.55 shows that the deformations of the standard Dorfman 
bracket are only the Severa-Dorfman brackets, see Example 2.22. 

2.2.5 Dirac structures II, superlanguage 

Given a subbundle L ^ N of E, one can construct a submanifold of £ as follows: 

C := A^*[2]L[1] 

Note that conormal bundle N*L is a subbundle of the cotangent bundle T*E restricted 
to L. We call the embedding j : C ^ £. 

Proposition 2.59. A subbundle L ^ N of E is Lagrangian iff C is Lagrangian in 
£. 

Proof. Being Lagrangian is clearly a local property. Therefore given a point {x, I) 
in C one can choose a trivialized neighborhood and write £ as L © N*N. Now the 
proposition goes back to the following lemma. 

Lemma 2.60. Suppose S is a submanifold of M. Then N*S is a Lagrangian sub- 
mamfold ofT*M. 

□ 

One defines the map i : TE — 0{£) as follows. A section of E can be identified 
with a section of E* via the inner product. Further one identifies sections of E* with 
fiberwise linear functions on E. These can further be pulled back to a function on £. 
The super language makes it an odd linear function. 

Lemma 2.61. Let L be a Lagrangian subbundle of E, C the corresponding Lagrangian 
submanifold of £ embedded via j . Then a section ip of E is a section of L iff = 0, 
i.e. the Hamiltonian vector field is tangent to C. □ 
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Consider taking the Hamiltonian vector field as a(n anti)morphism of Lie alge- 
bras, i.e. [Xi^,Q] = ±X^i^^H}- So one can express the derived bracket as iterated 
commutators of Hamiltonian vector fields. 

^{{iil>,H},i(j}} = [[^^V"*?] ^^£(i>] (2.23) 

Therefore we have the following theorem. 

Theorem 2.62. A Lagrangian suhhundle L ^ N of a Courant algebroid E is a Dirac 
structure iff the pullback of the generating function H under the embedding j vanishes. 

Proof. Suppose the pullback of H vanishes. Then its Hamiltonian vector field is 
tangential to C As the previous lemma states the Hamiltonian vector fields of two 
sections ip and of L are also tangential to C. Therefore the derived bracket has 
a Hamiltonian vector field tangential to C Again by the last lemma one concludes 
that it comes from a section of L, therefore the bracket gives a section of L. The 
differential V maps functions that vanish on N to sections of L, because V is just Q 
restricted to graded functions of degree 0. Therefore the anchor maps L to TN. 

Consider conversely that the pullback of H is not vanishing. The following mod- 
ification of a lemma from symplectic geometry implies that there are two sections 
whose bracket does not close in L. 

Lemma 2.63. Let L, E and £ be as before and suppose x a super function on £. 
Suppose further that for all sections ip e r(L) the bracket of the Hamiltonian vector 
fields of X o-nd iip gives a vector field tangential to C. Then the Hamiltonian vector 
field of X is tangential to C 

□ 

2.3 Spectral Sequence of a filtered complex 

For details about spectral sequences refer to the original work by Cartan and Eilenberg 
[CEal] or to McCleary's "Users' Guide ..." [McC85]. We will give a brief summary 
and an example here. 

Definition 2.64. A spectral sequence is a collection of differential bigraded vector 
spaces {E^''^,dr}p^q>o where the differential maps dr : E^''^ j^p+r,q+i~r ^ ^ 
bidegree (r, 1 — r), dr o dr = and the next sheet is the cohomology of the 

previous one. It is understood that the spaces i?^'^ vanish for p < or q < 0. 

The picture of one sheet of a spectral sequence is given in figure 2.1, where the 
arrows represent the differential dr and each dot is a vector space E^'"^. Note that in 
the lower left corner the differentials vanish. 

Given a first sheet, e.g. {E'''} and all differentials dr>Q then one can compute all 
higher sheets and indeed has a convergence to E^, because the higher differentials 
vanish on the spaces in the lower left corner (see also the figure). 
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The question to ask next is how spectral sequences arise. A broad family of 
spectral sequences occurs from filtrations of a differential complex. 

Definition 2.65. A (decreasing) filtered complex {F^A',d) is a family of graded 
vector subspaces Fp~^^A* C F^A' . . . C F^A' = A' , such that the differential maps 
diFPA"") C FPA''+\ 

The aim in this filtered complex is to compute the cohomology of the complex 
which is often very complicated. It can be made easier when one has such a filtration 
and descends to the associated graded (vector space): 

The associated graded has induced a simpler differential do '■ F^ A^^'^ / F^^'^ A^^'^ — 
pp^p+q+iipp+i^p+q+i^ i.e. all the terms of d in F^+M* are suppressed. 

The claim is now that this continues to all sheets and the spectral sequence com- 
putes the cohomology of the (unfiltered) complex: 

Theorem 2.66. A filtered differential graded module (A*, ti, F^) determines a spectral 
sequence (starting as written above). 

Suppose further that the filtration is (totally) bounded, i.e. for each degree n there 
is an upper value t = t{n) such that F^A^ = {0} for all p > tin). Then the spectral 
sequence converges to H(A,d), namely 

ppj ^ ppffp+i^^ d) /FP+^HP+'^{A, d) . 
The proof can be found, e.g. in [McC85, chap. 2.2] 

To see the theorem in a smaller example before applying it to the complex of a 
Courant algebroid let us compute the de Rham cohomology of the torus = x 
One way to compute this cohomology is to use the Kiinneth formula. We will go a 
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more general way which also applies to computing the cohomology in chapter 3.2. 
The CO chains are 



rC~(§^) ® C°°(§i) forn = 

n = 2 

n>2 



i.e. just the tensor product of the forms on each factor S^. Also the de Rham differen- 
tial is the sum of the two de Rham differentials of each factor d = d^^l + l^d^. Note 
that in the tensor product notation as above with the odd 1-form a, (dyi+dB)(a®5') = 
(— l)a ® dfif?, because we changed the odd operator d^ with a. Let us observe 
that I := ® r2-^(S^) is an ideal in the algebra A* (the multiplication being 

the wedge product). Moreover this ideal is preserved by the differential, because 
d{a ® (3) = (dyia) ® /3 for a form a of arbitrary degree and a 1-form (3. Such an 
ideal implies a filtration, namely F^^A* = P with P := A and here = 0, thus the 
situation is exactly as in the theorem {0} = F'^A C F^A C F^A = A, a bounded 
decreasing filtration. 

The 0th sheet of the spectral sequence reads as follows: 

{fi«(§i)®C~(§i) + / forp = 
p > 2 

The differential is induced as explained earher by do = (d: F^ Ap"'" / Fp+^ -> F^^p+^+V^^ 
The remaining part is do = (\a- 

Therefore the first sheet computes as: 

'C°°(§i) for g = or l,p = 
HP'''{Eo, do) = { g = or l,p = 1 

otherwise 

The proof of theorem 2.66 also shows that there exists a unique differential di con- 
structively. We know that di : Ef'"^ — )■ Ef'^^''^. Moreover the only part remaining from 
the original d is de which maps exactly this way. So it is not surprising that di = ds- 
Thus the second sheet reads as 

{M for g = Oorl,p = 
M g = Oorl,p=l 
otherwise 

At this step the new differential maps ^2 '■ -£'2 '' i^g"'"^'''"^, but either source or target 
space are trivial, so ^2 = and also all the higher differentials. 
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Therefore the spectral sequence converges to = E*'' ■ In terms of vector 
spaces the cohomology reads now: 



Some remarks about the underlying algebraic structure. Clearly d is not just a 
differential of vector spaces, but a differential of the algebra fi*(T^). Since the ideal 
also preserves the product (is an ideal rather than a mere normal subgroup), all sheets 
of the spectral sequence are also bigraded differential algebras. This can simplify the 
computation of the next sheets. However, the algebraic structure of the cohomology 
can be reconstructed when E^ is a free bigraded commutative algebra. Thus in 
our case we obtain if'(T^) = M{^i,,^2} the graded commutative algebra in two odd 
generators (in accordance with the Kiinneth formula). 




R forn = or 2 



otherwise 
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Chapter 3 

Computation of the Cohomology of 
Courant algebroids with spht base 



In this chapter we compute the spectral sequence in the case of Courant algebroids 
with split base [GG09]. In particular we prove the Conjecture of Stienon-Xu (see 
Corollary 3.15). 

Remember that a Courant algebroid has a generating cubic Hamiltonian H on 
the symplectic realization £ of the underlying pseudo Euclidean vector bundle. This 
implies a differential {if, .} = Q, of degree 1, and acting on functions on £. Therefore 
it is possible to define 

Definition 3.1. Let {E — )■ M,o,p, (.,.)) be a Courant algebroid. Let H be a cubic 
Hamiltonian that generates the Courant bracket on a minimal symplectic realization 
S. Then the Courant cohomology is the cohomology of the (graded) functions with 
respect to the nilpotent operator Q := {H, .}. 

The price for the generalization of Lie algebroid cohomology is that one has to 
deal with graded manifolds instead of an exterior algebra. 

3.1 Naive cohomology 

In this section, we recall the definition of the naive cohomology of a Courant alge- 
broid [SX08]. It is less involved than Definition 3.1; for instance, it does not use a 
symplectic realization of E. 

Mimicking the definition of the differential giving rise to the cohomology of Lie 
algebroids, the idea is to consider an operator d : r{A*E) — r{A*~^^E) given by the 
Cartan formula : 



n+l 



(da, iJiA... iJn+i) := ^(-1)'+V(^i)(«, ^pi A ■ ■ ■ $i ■ ■ ■ A ^Pn+i) 



(3.1) 



i=l 




i<j 
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where il^i, . . -i^n+i are sections of E and a G r(A"'£') is identified with an n-form 
on E, i.e., a section of A"-E* by the pseudo-metric. However, the formula (3.1) 
is not well defined because it is not C°°(M)-linear in the ipi (due, for instance, to 
axioms 2.4 and 2.5 in Definition 2.15. The operator d does not square to zero either 
since it is not skew-symmetric in the ipi.^ Nevertheless, Stienon-Xu [SX08] noticed 
that the formula (3.1) for d becomes C°°(M)-linear in the tpi when one restricts to 
a G r(A"(ker p)).^ In fact they proved the following. 

Lemma 3.2. Formula (3.1) yields a well defined operator d : r(A* ker p) — )> r(A*"'"-^ ker p). 

Moreover, one has d o d = 0. 

Note that ker p may be a singular vector bundle.^ 

Proof. The first claim follows from the fact that the failure of the Leibniz rule in the 
left-hand side is an exact term, i.e., is in the image of p* and that pop* = 0. Now the 
terms for d o d add up to zero using the Jacobi identity as in the Lie algebroid case, 
since all terms are equivalent to those using the skew-symmetric bracket. See [SX08] 
Section 1 for more details. □ 

Remark 3.3. For a Lie algebroid A, the space (r(A*y4*), d), where d is the operator 
given by formula (3.1), defines its cohomology. In particular, it calculates the de 
Rham cohomology of M when A = TM. 

Thanks to the pseudo-metric (., .) on E, one can view r{A'^E) as graded functions 
on E[l] (of degree n), which can further be pulled back to the minimal symplectic 
realization ir : S ^ Thus, we can identify r(A"(kerp)) with a subalgebra of 

C°°{£). Stienon-Xu [SX08] proved the following Proposition. 

Proposition 3.4. The Q-structure Q = {H, .} (see Definition 3.1) maps r(A*(ker p)) 

to itself. Moreover, if a G r(A*(kerp)), then Q{a) = d{a). 

In other words, Q restricted to r(A*(ker p)) coincides with the differential d given 
by formula (3.1) (note that Proposition 3.4 also implies that d o d = 0). Since d 
squares to 0, Stienon-Xu defined : 

Definition 3.5. Let {E, [., .],p, (., .)) be a Courant algebroid. The naive cohomology 
of E is the cohomology of the sections of A* kei p equipped with the differential d given 
by the Cartan- formula (3.1). 

^Using the skew-symmetric bracket does not help either, because it only fulfills a modified Jacobi 
identity. 

^ In this case using the skew-symmetric or Jacobi-fulfiUing bracket does not matter since the 
difference is exact, thus vanishes in the inner product with ker p. 

■^In this case r(kerp) means smooth sections of E that are pointwise in the kernel of p. We 
define similarly sections of A'kerp where p has been extended as an odd C°°(7\if)-linear derivation 
A'E A'E ® TM. 
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We denote H*^-^^{E) = if'(r(A' ker p), d) the naive cohomology groups of E. By 
Proposition 3.4, there is a canonical morphism (j) : H*^^^^{E) — )■ H'^^{E) from the 
naive cohomology to the (standard) cohomology of Courant algebroids, see [SX08]. 
We will prove that this morphism is an isomorphism in the transitive case, see Corol- 
lary 3.15. 

3.2 Geometric spectral sequence for cohomology 
of Courant algebroids with split base 

In this section we define a spectral sequence converging to the cohomology of a 
Courant algebroid. Then, in the case of Courant algebroids with split base, we com- 
pute the spectral sequence in terms of smooth geometrical data. For details about 
spectral sequences, refer to [CEal, McC85]. 

3.2.1 The naive ideal spectral sequence 

The algebra A' := C°°{£) of graded functions on £ is endowed with a natural filtration 
induced by the ideal generated by the kernel of the anchor map p : E ^ TM. More 
precisely, let / be the ideal 



i. e., the ideal of functions containing at least one coordinate of ker p, where we identify 
sections of E to odd functions on E by the pseudo- metric (as in Section 3.1). Since 
ker p gives rise to the naive cohomology, we call / the naive ideal of £. 

Lemma 3.6. I is a differential ideal of the differential graded algebra (y4*,Q). 

Proof. According to Proposition 3.4 and Lemma 3.2, we have (5(r(A" ker p)) C 
r(A"'+^ ker p). The result follows since Q is a derivation. □ 

Since / is a differential ideal, we have a decreasing bounded (since E is finite 
dimensional) filtration of differential graded algebras A* = F^A' ^ F^A* ^ F'^A* . . . , 
where F^A^ := PDA''. Therefore : 

Proposition 3.7. There is a spectral sequence of algebras 



I ■.= T{A^^keTp)-C°°{£) , 




converging to the cohomology of the Courant algebroid E. 



We call this spectral sequence the naive ideal spectral sequence. 



Proof. The spectral sequence is the one induced by the filtration F'A* of the complex 
{A',Q). It is convergent because the filtration is bounded. □ 
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Remark 3.8. In order for the naive ideal spectral sequence to be useful, one needs 
to be able to calculate the higher sheets E^'"^ of the spectral sequence in terms of 
(smooth) geometry of E. Such calculations involve the image of the anchor map. 
Thus it seems reasonable to restrict to the class of regular Courant algebroids. 

3.2.2 Courant algebroids with split base 

In this section we compute explicitly the naive ideal spectral sequence of Propo- 
sition 3.7 for what we call Courant algebroid with split base and then prove the 
conjecture of Stienon-Xu ClS Sb special case. 

By the bracket preserving property of the anchor-map p, D := imp is an integrable 
(possibly singular) distribution. 

Definition 3.9. A Courant algebroid {E — )■ M, (., .), [., .],p) is said to have split base 
iff M = L X N and the image of the anchor map is D := im p = TL x N (1 TM. 

In particular, a Courant algebroid with split base is a regular Courant algebroid. 
Furthermore, the integral leaves of the distribution D are smoothly parametrized by 
the points of N; thus the quotient M/D by the integral leaves of the foliation is 
isomorphic to N. 

Remark 3.10. The local coordinates C,"" for E introduced in proof of Theorem 2.54 can 
be splitted accordingly to the isomorphism D = TL x N. This splitting is useful in 
order to do local computations. More precisely, over a chart-neighborhood U of M, 
D := imp can be spanned by coordinate vector fields Let := p*dx^ (g kerp) 
be vectors that span the image of p*, and let ^/ be preimages of dj, dual to the ^f 
Then choose coordinates G ker p normal (with respect to the pseudo-metric) and 
orthogonal to both the ^^s and the ^/s. Therefore we have split the coordinates ^"s 
in the three subsets consisting of the ^^s, the ^/s and the ^"^s. Furthermore this 
splitting also induces a splitting of the degree 2 coordinates piS (the conjugates of the 
coordinates on M) into the pjs, which are the symplectic duals of the , and the 
Pi'S (their complements for which the Poisson bracket with the x^s vanish). Since 
D = TL X N, the coordinates x^ and x^ can be chosen to be coordinates of L and 
N respectively. 

The Hamiltonian in these coordinates reads as if = pi^^ + lCabc{x)C,'^C,''^''. Note 
that in order to compute structure functions like Cabc you need C,a which is the dual 
frame of or due to the pseudo ortho normality = i^"^- 

We denote X'^(N) the space of (degree q) symmetric multivector fields Tj^{S'^^'^{TN)) 
with the convention that S''^'^{TN) is {0} for odd g's, i.e., X*{N) is concentrated 
in even degrees. With these notations, the sheet i?*'* of the spectral sequence of 
Lemma 3.7 is given by: 

Lemma 3.11. For a Courant algebroid with split base D = TL x N, one has 

Ef'^ ^rMA^(kerp) ® A"^(iV). 
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Proof. The differential do : Eq'"^ — )■ Eq''^'^ is the differential induced on the associated 
graded ^ F^A^^'^/Fp^^AP'^'^ of the naive filtration F*A*. Hence, it is obtained from 
Q by neglecting all terms which contain at least one term in /. Using the local coordi- 
nates of Remark 3.10, we find do = Pi-^- Globally, the algebra E^'' is isomorphic to 
0{B) for the graded manifold B := S/I which, on a local chart f/ C M is isomorphic 
to i?|(7 = T*[2]U ®c/ /^[IJIf/. Globally, B fits into the short exact sequence of graded 
fiber bundles over M : 

0^T*[2]M ^ B ^ D[1]^0 , (3.2) 

where the latter map B ^ D[l\ is the map induced by the anchor map p : E ^ D = 
imp on the quotient of S by /. The differential do on Eq'* = C°°{B) is canonically 
identified with the odd vector field po induced by Q on the quotient B = S/L 

There is a similar interpretation of E^'*. Precisely, Eq'' is isomorphic to TBiBi) 
for a (graded) vector bundle B^ ^ B which, locally, is the fiber product B^ = 
kerp[l] Xu B. In particular, B^ fits into the short exact sequence of graded fiber 
bundles over M : 

kerp[l] ^ fi^ ^ 5 ^ (3.3) 

The isomorphism Eq'' = Tb{Bi) identifies the differential do : Eq'* — Eq'*~^^ with the 
odd vector field p : Tb{B^) — )■ Tb{B^) defined as the covariant derivative p = Vpg 
along Po where V is a local connection on Bi vanishing on a local frame ^" of B^. 
This is well defined, because the transition functions between such frames come from 
functions on M and po projected to M vanishes (we extend to arbitrary sections of 
B^ via Leibniz rule). 

This identification of Eq* extends to the other lines Eq-'^'* of the spectral sequence 
easily. Namely, there is an isomorphism Eq'* = TBiS^B^), where stands for the 
graded symmetric (hence it is skew-symmetric since the fibers ker p[l] are of odd 
degree) product over B. We extend p to TBiS'^B^) by the Leibniz rule. Since, by 
Lemma 3.7, do is a derivation, we also have the identification of do : Eq-'^'* — )■ Eq-'^'*'^^ 
and p. 

According to Lemma 3.7, do is a derivation, thus it is sufficient to compute the 
cohomology of the complex {Eq'* , do). The sequence (3.2) yields a morphism of sheaves 
ri : C°°(E) ^ rM(^'(TM)[2]) ^ TMiS*{TM/D)[2]). On a local chart, the complex 
(£^0'', do) is isomorphic to the Koszul complex of i3' := rM(^'(TM)[2]®A*(E/kerp)) 
with respect to the differential p = pi-^ induced by the regular family given by the 
piS. Since the image of p spans D ■ B*, the morphism of sheaves rj : C°^{B) — j- 
^ m{S* {T M / D)\2]) is locally a quasi-isomorphism. Thus we have 

H''{E^Q'*,do) = TM{S*iTM/D)[2]) 

= T^{S*T{N)[2]) ^c->(iv) C°^iL x N) 
= X'^{N) ®c-w C^{M) , 
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where the second hne follows from the fact that E has split base D = TL x A^. The 
computation of the line eI'' is similar since p is a horizontal lift of po. In particular, 
p does not act on the fibers ker p[l] of — >■ B, but only on the base B. Hence 

H'i{El'',do) - A"'(iV) ® rM(kerp). 

Since the lines, E^'^ are generated by (products of elements of) Eq^ and do is a 
derivation, the result follows. □ 

Remark 3.12. Lemma 3.11 is the main reason to restrict to Courant algebroids with 
split base. In general one can consider the quotient M/ D of M by the integral leaves of 
the integrable distribution D := imp. Let C°°{M)^ be the space of smooth functions 
on M constant along the leaves and Xfiat{M/ D) the space of derivations of C°°(M)-^. 
To describe the spectral sequence using smooth geometry, we would like a formula of 
the form : 

= rM(A^kerp) ® S^/\Xfiat{M / D)). 

A quick analysis of the proof of Lemma 3.11 shows that this formula will hold if and 
only if we have the relation 

Tm{TM/D) = TM/D{Tfiat{M/D)) ®c-(Af)^ C^{M) . (3.4) 

Courant algebroids with split base are a large class for which relation (3.4) holds. 
However Relation (3.4) does not hold for every regular Courant algebroid. For in- 
stance, take the Lie algebroid D underlying the irrational torus. That is M = is 
foliated by the action of a non-compact one parameter subgroup of and D is the 
subbundle of TM associated to the foliation. The leaves are dense. Let E = D ® D* 
be a generalized exact Courant algebroid (as in Example 3.24). Note that D is regular 
of rank 1, thus Vm{TM/D) is non zero but C°°(M)^ = M, thus Xfiat{M/D) = 0. 
Thus formula (3.4) does not hold for E. 

Recall from Section 3.1 that the naive cohomology H*^^^^{E) is the cohomology of 
the complex (Fa/ A* (ker p), d). The second sheet of the spectral sequence is computed 

Proposition 3.13. Let E be a Courant algebroid with split base D = TL x N. Then, 
one has an isomorphism of graded algebras 

Er = Hl^^^^{E)®X^{N). 

Proof. It is a standard fact of spectral sequences [CEal, McC85] that the differential 

di : = H^F^PA/F^+^A^d^) Ef+^'^ = H''{FP+^A/FP+^A,do) 

is the connecting homomorphism in the cohomology long exact sequence induced 
by the short exact sequence of complexes — )■ F^+M/F^+^A — F^A/FP'^'^A — )■ 
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FpA/Fp~^^A 0. On a local chart, we obtain that di is given by the following 
formula 



A 



+ C^j^C ^ + ^C-AB^''^ 



where we use the local coordinates introduced in Remark 3.10. Now it follows from 
the isomorphism E^''^ = rMA^(kerp) X'^{N) given by Lemma 3.11 and the above 
formula for di that 

di = d ® 1 : rA/A^(kerp) ® X^iN) r^A^+^lker p) ® X^iN) 

where d is the naive differential. The result follows. □ 

The third sheet of the spectral sequence is trivially deduced from Proposition 3.13. 

Corollary 3.14. Let E be a Courant algebroid with split base. There is a canonical 
isomorphism of bigraded algebras E''' = E*'' . 

Proof. Since X'^{N) is concentrated in even degrees for q, so is iJg '^ by Proposi- 
tion 3.13. Therefore, the differential d2 : -E'f''^ — )■ £'2^^''^"^ is necessarily 0. Hence 
Eg'* = E'''. □ 



We now prove the conjecture of Stienon-Xu. There is a canonical morphism 
: H'^aivei.E) H'tdiE), see [SX08] and Section 3.1. 

Corollary 3.15. Let E be a transitive Courant algebroid. Then the canonical map 
(j) is an isomorphism cj) : H'^^^^{E) = H'^^{E), i.e., the Courant algebroid cohomology 
coincides with the naive cohomology. 

Proof. A transitive Courant algebroid satisfies D := imp = TM. Therefore, E is 
trivially with split base and M/D = pt = N. Hence X'^{N) is non zero only for 
q = 0, where it is M. Therefore, by Proposition 3.13, -Ef''^ = if g 7^ 0. It follows 
that all the higher differentials d„>3 are null. Thus the cohomology of the Courant 
algebroid is isomorphic to -E*'^ — H'aiveiE) ® 

Furthermore, by definition of the naive ideal /, the map </> preserves the filtration 
by /. Thus (j) passes to the spectral sequence and coincides with the morphism of 
complexes 0i : (r(A"kerp), d) ^ (£r'°,di) ^ (© p+q=nE^''^ , di) on the first sheet of 
the spectral sequence. By the first paragraph of this proof, 0i is a quasi-isomorphism. 
Hence is indeed an isomorphism. □ 

Remark 3.16. When E is an exact Courant algebroid. Corollary 3.15 was obtained by 
Roytenberg [RoyOl]. Indeed, it was one of the examples motivating the conjecture of 
Stienon-Xu. 
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For general Courant algebroids E with split base, the spectral sequence does not 
collapse on the sheet E*'* but is controlled by a map from the vector fields on to 
the naive cohomology of E which we now describe. 

It is a general fact from the spectral sequence theory that there exists a differential 
ds : i?!'^ — )■ £'3''"^'^"^. In particular, induces an E^'^ = C°°(A^)-linear map 

T3 : XiN) ^ HlUE) (3.5) 

given as the composition 

T3 ■.XiN) = X'iN) = E'/ ^ E'/ = HL^^^iE) . 

We call the map T3 the transgression homomorphism of the Courant algebroid E. 
Let X''^''{N) be the kernel of T3 above (we like to think of elements of A''^*'(A^) as 
Killing vector fields preserving the structure function H). Note that X''^\N) may be 
singular, i.e., its rank could vary. We denote A''^*'-'? the space of "symmetric Killing 
multivector fields" S^!^^j^^{X''^'-{N)) with the convention that A:'^*'''^ = {0} for odd q. 

Theorem 3.17. The cohomology of a Courant algebroid E with split base is given by 

HUE) = i^L.e(^)/(r3) ® X'''^' , (3.6) 

p+q=n 

where (T3) is the ideal in H'^^^^{E) which is generated by the image T3{X{N)) ofT^. 

Proof. According to Proposition 3.13 and Corollary 3.14, the third sheet of the 
spectral sequence is given by Ef'"^ = Hl^„,^{E) ® X'i{N). Note that X'i{N) = 
rj^(S'^/^{TN)) is generated as an algebra by its degree 2 elements. Since the dif- 
ferential d3 : Ef'" -> ^1+^'"-^ is a derivation, it is necessarily the unique derivation 
extending its restriction r3 = dg : X{N) Hl^^^^^E). Since X\N) = Tn{S'^/^{TN)) 
is a free graded commutative algebra, the cohomology -E*'* = H'{E*'', d^) is given by 

= H'„{E)/(im{T,)) ® S^'/\keTT,) 



Now, it is sufficient to prove that all higher differentials dr>4 vanish. Since d4 : 
E^''^ — > i^l^^'"^"^ is a derivation, it is completely determined by its restriction to the 
generators of -E*'* which lie in El'^ and E^''^. Thus, for obvious degree reasons, d4 = 
and similarly for all dr>4. Therefore, the spectral sequence collapses at the fourth 
sheet : Ep^" = E^^ □ 

Remark 3.18. Theorem 3.17 gives an isomorphism of vector spaces, not of algebras 
in general. However, by standard results on spectral sequences of algebras, the iso- 
morphism (3.6) is an isomorphism of graded algebras if the right hand side of (3.6) 
is free graded commutative algebra. 
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Remark 3.19. Theorem 3.17 implies that all the cohomological information of a 
Courant algebroid with split base is encoded in the transgression homomorphism 
T3 together with the naive cohomology (and image of the anchor map). We like to 
think of T3 as a family of closed 3-sections of ker p obtained by transgression from 
X{N). This idea is made more explicit in the case of generalized exact Courant 
algebroids in Section 3.3. In that case, the transgression homomorphism is closely 
related to a generalization of the characteristic class of the Courant algebroids as 
defined by Severa [Sev99], that is the cohomology class of the structure 3-form (see 
Proposition 3.21 and Proposition 3.25) parameterizing such Courant algebroids. 

3.3 Generalized exact Courant algebroids with split 
base 

In this section, we consider a generalization of exact Courant algebroids. These 
Courant algebroids are parametrized by the cohomology class of closed 3-forms from 
which an explicit formula for the transgression homomorphism T3 can be given. 

An exact Courant algebroid E' — )■ M is a Courant algebroid such that the following 
sequence 

T*M A E A TM 

is exact. 

Assume that D := imp C TM is a subbundle, i.e., E is regular. Then the anchor 
maps surjectively E D and its dual : T*M E* = E factors through an 

injective map D* E (again E and E* are identified by the pseudo-metric). 

Definition 3.20. A regular Courant algebroid {E,p,...) is generalized exact if the 
following sequence of bundle morphisms over M 

O^D*^E^D^O (3.7) 

is exact. 

Based on the above discussion, the only condition to check in order for the se- 
quence (3.7) to be exact is exactness in E. 

There is a simple geometric classification of exact Courant algebroids due to 
Severa [Sev99] which extends easily to generalized exact Courant algebroids as fol- 
lows. Note that D is Lie subalgebroid of TM. Given a Lie algebroid D, we write 
{Q'{D), d]j) the complex of D-forms, Haigd'{E>) its cohomology and Z*{D) = ker(d£)) 
the closed D-forms [Mac87, CW99]. 

Let {E — )■ M,p, [., .], (., .)) be a generalized exact Courant algebroid and assume 
given a splitting of the exact sequence (3.7) as a pseudo- Euclidean vector bundle, that 
is, an isotropic (with respect to the pseudo-metric) section a : D ^ E oi p. Thus 
the section a identifies E with D* (B D endowed with its standard pseudo- metric: 
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{a®X,(3®Y) = a{Y) + (3{X). Since p preserves the bracket, for any X,Y E T{D), 
one has 

[a{X), a{Y)] = a{[X, Y]tm) © C^{X, Y) 

where C^{X, Y) e p*{D*). Let be the dual of C^, that is, for X,Y,Z e T{D), we 
define Ca{X,Y, Z) = {Ccr{X,Y), Z). It follows from axiom (2.5) and axiom (2.6) of 
a Courant algebroid (see Definition 2.15) that C^- is skew-symmetric. Moreover, by 
axiom (2.4) and axiom (2.6), C„ is C°°(M)-linear. Thus Co- is indeed a 3-form on the 
Lie algebroid D, i.e., G Vl^{D). Furthermore, the (specialized) Jacobi identity, 
i.e., axiom (2.3) implies that C^- is closed, that is, doiCa) = 0. 

Proposition 3.21 (The Severa characteristic class). Let E be a generalized exact 
Courant algebroid. 

1. There is a splitting of the exact sequence (3.7) as a pseudo-Euclidean bundle; 
in particular there is an isotropic section a : D ^ E of p. 

2. If a' : D ^ E is another isotropic section, then C^ — C„i is an exact 3-form, 
that is, Co- — Co-' G imd/). 

Proof. The proof is the same as the one for exact Courant algebroids; for instance, 
see Severa Letter [Sev99] or [Roy99, Section 3.8]. □ 

In particular the cohomology class [Co] G Haigd^{D) is independent of a. We will 
simply denote it [C] henceforth. We call the class [C] e Haigd^{D) the Severa class of 
{E^M,p, [.,.],(.,.)). 

Given a closed 3-form C G VL^{D), one can define a bracket on the pseudo- 
Euclidean vector bundle D* ® D given, for X,Y e T{D), a,/3 e T{D*), by the 
formula 

[a © X, /3 © r] = CxP - tydoia) + C{X, Y, .) © [X, Y]tm- (3.8) 

It is straightforward to check that this bracket makes the pseudo-Euclidean bundle 
D* (B D a Courant algebroid, where the anchor map is the projection D* ©/}—)■ 
D [Roy99, Section 3.8]. Clearly its Severa class is C. Moreover two cohomologous 
closed 3-forms C,C' G Q^{D) yield isomorphic Courant algebroids [Roy99, Section 
3.8]. Therefore 

Proposition 3.22 (Analog of the Severa classification). Let D be a Lie subalgebroid 
of a smooth manifold M. The isomorphism classes of generalized exact Courant 
algebroids with fixed image imp = D are in one to one correspondence with Haigd'{D), 
the third cohomology group of the Lie algebroid D. 

The correspondence assigns to a Courant algebroid E its Severa characteristic 
class [C]. 

Remark 3.23. Generalized exact Courant algebroids are easy to describe in terms 
of the derived bracket construction. Indeed, since we can choose an isomorphism 
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E = D(BD*, the minimal symplectic realization of E is isomorphic to T*[2]D[1]. From 
the explicit formula (3.8) for the Courant bracket, we found that the generating cubic 
Hamiltonian H (encoding the Courant algebroid structure) is given, in our adapted 
coordinates, by 

H=pie+^cjjKe^'^'' (3.9) 

where Cjjk are the components of the Severa 3-form C induced by the splitting 
^ D®D*. 

Now assume that £" is a generalized exact Courant algebroid with split base D = 
TL X N. Then, there is an isomorphism Q'{D) = Q'{L) ^^C°°{N) and the de Rham 
differential d^ of the Lie algebroid D is identified with d^®!, the de Rham differential 
of the smooth manifold L, see Remark 3.3. In other words, the de Rham complex of the 
Lie algebroid D is the de Rham complex of the manifold L tensored by smooth functions on N. In 
particular, Z^{D) = Z^{L) ®^C'^{N). Furthermore, since ker p ^ D* = T*L x N, the 
naive complex (rA/(A* ker p), d) is isomorphic to the complex (Vl' (L) i^C°° (N) , d^®!) 
of de Rham forms on L tensored by smooth functions on A^. Therefore H*^^^^{E) = 
H*^^{L) ® C^lN), where H^j^{L) is the de Rham cohomology of the manifold L. 

Example 3.24. Let L and be two smooth manifolds and define M := L x N, 
D := TL X which is a subbundle of TM. Pick u G Z^{L) any closed 3-form on L 
and / G C°°{N) be any function on A^. Then C := w®/ is a closed 3-form on D. The 
3-form C induces a generalized exact Courant algebroid with split base structure on 
E := D® D* where the Courant bracket is given by formula (3.8), the pseudo-metric 
is the standard pairing between D and D* and the anchor map the projection E ^ D 
on the first summand. By Proposition 3.22, any generalized exact Courant algebroid 
with split base is isomorphic to such a Courant algebroid. 

For any vector field X G ^(A^) on A^, there is the map 

Kai.e{E) = n'{L) ® c-^{N) ^ n'{L) ® c-^{N) = n'„{E) (3.10) 

defined, for u G Vf{L) and / G C°°(A^) by (1 ® X)(w ® /) = a; ® Applying this 

map to the Severa 3-form C G Z^{L) ® C°°{N) = Z^{D) yields the map 

X{N)3X^[{l®X){C)]eHl,,,,{E) 

which is well defined and depends only on the Severa class of E (and not on the 
particular choice of a 3-form representing it) by Proposition 3.21. 

Proposition 3.25. Let E he a generalized exact Courant algebroid with Severa class 
[C] G Haigd{D) = HIj^{L)®C°°{N). The transgression homomorphism T3 : X{N) 
^naivei^) '^^ ''^^P givcn, for any vector field X G X{N), by 

niX) = [ii®x)iC)]eHlUE)- 
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Proof. Fix a Severa 3-form C representing the Severa characteristic class. The trans- 
gression homomorphism is induced by the differential da : E''' — )■ E''^^''~'^. Corol- 
lary 3.14 and Proposition 3.13 together with above remarks about generalized exact 
Courant algebroids give: £"3'^ = r(A^imp*) ® X'^{N). Therefore our adapted coor- 
dinates 3.10 still apply and give on a local chart the map as 

da =-CijK,L'i^ i"^ 



6 dpv 

By formula (3.9), the functions \Cijk^^^^^^ are given by the components of the 
Severa 3-form C (identified with a function on E[V\ via (., .) and pulled back to £). 
Now the result follows since Ta is the restriction of ds to El'' = X{N). □ 

We denote Ann(C) the kernel of T3, that is the vector fields X on such that 
[{mX){C)] = e Hl,,^{E). We also denote ((l®^(Ar))(C)) the ideal in H'^^UE) 
generated by the vector subspace imTa = {(1 X){C) , X G X{N)}. 

Corollary 3.26. The Courant algebroid cohomology of a generalized exact Courant 
algehroid E with split base D = TL x N is given by 

HUE)= Hl^{L)®C^{N)/{{l®X{N)){C))®c-iN)S\knTi{C)) 

p+2q=n 

where [C] is the Severa class of E. 

Proof. This is an immediate consequence of Theorem 3.17, Proposition 3.25 and the 
isomorphism H'„{E) = Hl>j,{L) ® C^{N). □ 

Remark 3.27. Let E he a, generalized exact Courant algebroid with split base D = 
TL ® N . Assume that the Severa class of E can be represented by a 3-form C G 
fi^(L) ® 0{N) which is constant as a function of A^, i.e., C G fi^(L) (g) R C VL^{L) ® 
0{N). Then, by Proposition 3.25 T3 = and thus, by Corollary 3.26, the cohomology 
of E is 

H:tAE)= H'nRiL)®X'^iN). 

p+q=n 

An example of such a Courant algebroid is obtained as in Example 3.24 by taking 
C = a; ® 1 for the Severa 3-form, where u is any closed 3-form on L. 

Example 3.28. Let G be a Lie group with a bi-invariant metric (.,.). Then G has 
a canonical closed 3-form which is the Cartan 3-form C = {[6^ ,6^], 6^) where 6^ is 
the left-invariant Maurer-Cartan 1-form. Note that, by ad-invariance of (.,.), C is 
bi-invariant (hence closed). 

Thus, by Example 3.24, there is a generalized exact Courant algebroid structure 
on G X A^ with Severa class [C ® /] for any manifold A^ and function / G C°°{N). 
This example (for A^ = {*}) was suggested by Alekseev (see also [RoyOl, example 
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5.5]). Explicitly, the Courant algebroid isE={g(BQ)xN-^GxN. The structure 
maps are given by : 

{X (BY,X'® Y') = {X, X') - {¥, Y') 
p: E ^TGaTN : {X ®Y,g,n) ^ {X^ -Y'){g)mO 

where the superscript ^ (resp. *") means that an element of the Lie algebra q = T^G 
is extended as a left (right) invariant vector field on G. The bracket is given for 
{g,n)eGxN and X, X\ F, F' G g C V{q x G), by 

[X ®X\Y® = ([X, X'] © f{n)[Y, F'] )(,,„) 

Choosing the splitting a{Z,g,n) := {Z © —AdgZ,g,n), one finds that the Cartan 
3-form C is indeed the Severa class of E. 

Now assume G is a compact simple Lie group. Then, G spans H^{G). If we 
take N = W and / to be constant, then, by Remark 3.27, the cohomology of E is 
H'^^{E) = H'{G) ® A'*(R), thus two copies (in different degrees) of the cohomology 
of G. Now take / e C°°(R) to be f{t) = t. Then Ann{G) is trivial and H'tdi^) = 
H'{G)/{G). Note that H*{G) is the exterior algebra H*{G) = A'(C, X2, . . . , x^), thus 
H'^^{E) = A*{x2, ■ ■ ■ ,Xr) as an algebra (see Remark 3.18). 
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Matched pairs of Courant 
algebroids 

4.1 Matched pairs 

Definition 4.1. Given an anchored vector bundle E A TM and a vector bundle 
V over a smooth manifold M , an ^'-connection on V is an "^-bilinear operator V : 
T{E) (g) T{V) T{V) fulfilling: 

Vf^v = fV^v, (4.1) 
V^{fv) = {p{m])v + f^^v (4.2) 

for all f G C~(M), ^ G T{E), and v G T{V). 

Definition 4.2 (Mokri [Mok97]). Two Lie algebroids A and A' form a matched pair 
if there exists a flat A-connection on A' and a flat A' -connection ^ on A satisfying 

h c] = 6, c] + [6, % c] + %^J- %^^c (4.3) 

7] = /3, 7] + i] + %^J- %^ ^ 7 (4.4) 

(for all a, (3,'~f & r(A') and a,b,c & r(yl) ) are specified. 

Let {E, (., .),p, o) be a Courant algebroid. Assume we are given two subbundles 
Ei,E2 of E such that E = Ei ® E2 and E^ = E2. Let pr^ (resp. pr2) denote the 
projection of E onto Ei (resp. E2) and ii (resp. 22) denote the inclusion of Ei (resp. 
E2) into -E. Assume that Ek is itself a Courant algebroid with anchor pk = p ° ik, 
inner product {a,b)k = {ika,ikb), and Dorfman bracket a Ok b = pT,^{ika o ikb). A 
natural question is how to recover the Courant algebroid structure on E from Ei and 
E2. 

Proposition 4.3. The inner product and the anchor map of E are uniquely deter- 
mined by their restrictions to Ei and E2. Indeed, for a,b E r(£'i) and a, (3 E r{E2), 
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we have 

{a®a,b®(3) = {a,b)i + {a,P)2, (4.5) 
p{a ® a) = pi{a) + p2{a), (4.6) 

where a (B a is the shorthand for ii{a) + i2{<y)- 

Proposition 4.4. The bracket on E induces an Ei-connection on E2: 

(3 = PT2 {M O (12(3)) (4.7) 

and an E2-connection on Ei: 

%a = pT^{{i2f3)o{iia)). (4.8) 

These connections preserve the inner products on Ei and E2: 

p{a) (a, b)i = {%a,b)i + (a, %b)i (4.9) 

p{a){a,P)2 = (^a«,/3)2 + (a,^a/3)2 (4.10) 

Moreover, we have 

{a®0)o{0® 13) = -%a®^a^ (4.11) 
forae r{Ei) and P e 1(^2). 

Proof. The first two equations follow from the Leibniz rule (2.4) of a Courant alge- 
broid. The next two equations follow from the ad-invariance (2.6). The last equation 

uses in addition axiom (2.5). □ 

Proposition 4.5. 1. For all a,b & r{Ei), we have 

(a © 0) o (6 © 0) = (a Oi b) © (il?2(a, &)i + ^(a, b)) , (4.12) 
where Q: r(-E'i) ^{E2) is defined by the relation 

fl{a,b) = ^pT2{iiaoiib — iiboiia). (4-13) 

In fact, is entirely determined by the connection 
through the relation 

(7,(](a,6))2 = l{{%a,b)^ - {a,%b),) (4.14) 
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2. For all a, /3 G r{E2), we have 

(0 © a) o (0 © /3) = /3)2 + /?)) © (a 02 (4.15) 

where 13 : r(i?2) — )• r(£'i) defined by the relation 

0(a, /3) = I pri(i2a o ^2/^ - ^2/? o ^2")- (4.16) 

/n fact, O is entirely determined by the connection 
through the relation 

(c,l3(a,/3))i = i((^e«,/3)2 - (a, "^0/3)2). (4.17) 

Proof. From axiom (2.5) we conclude that the symmetric part of the bracket is given 

by 

(a©0)o(a©0) = ^V{a,a)i = ^^1(0, a)i © ^©2(0, 0)2 • 

Moreover, using axiom (2.6) we get 

(0 © 7, (a © 0) o (6 © 0)) = p{a © 0)(0 © 7, 6 © 0) - ((a © 0) o (0 © 7), {b © 0)) 

= {^ja,b)i . 

The formula for 13 occurs under analog considerations for © a and © /9. □ 
As a consequence we obtain the formula 

(a©a)o(6©/3) = (a Oi 6 + 6 - % a + U(a, /3) + /3)2) 

© [a 02 13 + '^a P - "^bOi + n{a,b) + \V2{a,b)i) . (4.18) 

This shows that the Dorfman bracket on T{E) can be recovered from the Courant 
algebroid structures on Ei and E2 together with the connections ^ and 

Lemma 4.6. For any f G C~(M), b e r{Ei), and (3 e 1(^2) we have "^v.f P = 
and b = 0. 

Proof We have Vv^f P = pr2((2^i/ © 0) o (0 © /3)) = pr2(r'/ o (0 ©/?)) = □ 
Set 

^(a, &)a := ^6 a - ^6 a - ^a^^b a (4.19) 
S(a, /3)a := ^a%a-%^aa- ^ao2P a . (4.20) 

Lemma 4.7. T/ie operators ^ anc? ^ are sections of K^El © o(-E'2) = A^E* © A^-E'2, 
where o{E2) is the bundle of skew-symmetric endomorphisms of E2. 
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Proof. The C~(M)-linearity of ^( a, b)a in a follows from 

pi(aoi b) = [pi{a),pi{b)] . 

^ is also C°°(M)-linear in b. In view of lemma 4.6 it is also skew-symmetric under 
the exchange of a and b. □ 

Proposition 4.8. Assume we are given two Courant algebroids Ei and E2 over 
the same manifold M and two connections ^ : T{Ei) ® T{E2) T{E2) and ^ : 
T{E2) ® r(£'i) — )■ T{Ei) preserving the fiberwise metrics and satisfying Vv^f /? = 
and \v2f & = for all f G C°°(M), b G V{Ei), and (3 E T{E2). Then the inner product 
(4.5), the anchor map (4.6), and the bracket (4.18) on the direct sum E = Ei ® E2 
satisfy (2.4), (2.5), and (2.6). Moreover, the Jacobi identity (2.3) is equivalent to the 
following group of properties: 

(ai Oi 02) - (^a ai) Oi a2 - ai Oi (^^ 02) - „ '^1 + « '^2 

= -n(a, n{ai, 02) + \V2{ai, Oa)) - fi(ai, 02) + |^^2(ai, as) ) 

(«i 02 a2) - {Va ai) 02 a2 - «i 02 i^a 

= -fi(a, 0(01,02) + |Pi(ai,a2)) - 1^^2(0,0(01,02) + |'E'i(ai,a2) ) 

^ + ^ = (4.23) 

%{aua2) 03 + C.p. = (4.24) 
^U{ai,a2) "3 + CI?. = (4.25) 

Proof. Axioms (2.4), (2.5), and (2.6) are straightforward computations from the def- 
inition (4.18) using (4.14) and (4.17). 

To check the Jacobi identity, it is helpful to compute for triples of sections of Ei 
and E2 respectively, which gives 8 cases. The equations (4.23)-(4.25) occur when 
one multiplies the Jacobi identity with an arbitrary section of Ei ® E2. This will be 
helpful in evaluating the terms of the Jacobi identity. □ 

Definition 4.9. Two Courant algebroids Ei and E2 over the same manifold M to- 
gether with a pair of connections satisfying the properties listed in Proposition 4-8 are 
said to form a matched pair. 

If {El, E2) is a matched pair of Courant algebroids, the induced Courant algebroid 
structure on the direct sum vector bundle Ei © E2 is called the matched sum Courant 
algebroid. 



(4.21) 
(4.22) 



4.2 Examples 

4.2.1 Complex manifolds 

Let X be a complex manifold. Its tangent bundle Tx is a holomorphic vector bundle. 
Consider the almost complex structure j : Tx — > Tx- Since = —id, the com- 
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plexified tangent bundle ® C decomposes as the direct sum of T^'^ and T^f . Let 
pr°'^ : Tx ® C — T°'^ and pr^'° : Tx ® C — ?■ T^'° denote the canonical projections. The 
complex vector bundles Tx and T^f are canonically identified to one another by the 
bundle map |(id— ij) : Tx 

Definition 4.10. A complex Courant algebroid is a complex vector bundle E ^ M 
endowed with a symmetric nondegenerate C- bilinear form (., .) on the fibers of E with 
values in C, a C-bilinear Dorfman bracket o on the space of sections T{E) and an 
anchor map p : E ^ TM ®'C satisfying relations (2.3), (2.4), (2.5), and (2.6) where 
V = p*od: C^{M- C) ^ T{E) and (p, 0i, 02, (p' E T{E), f G C°°{M; C). 



The complexified tangent bundle Tx ® C of a complex manifold X is a smooth 
complex Lie algebroid. As a vector bundle, it is the direct sum of T^'^ and T^'°, which 
are both Lie subalgebroids. 

The Lie bracket of (complex) vector fields induces a T^'°-module structure on T^'^ 

V°xY = pr°'i [X, Y] {X e X^'\ Y e X°'^) (4.26) 

and a T^'^-module structure on T^'° 

V^X = pri'°[r, X] (X e X^'°, Y G X°'^). (4.27) 

The fiatness of these connections is a byproduct of the integrability of j. We use the 
same symbol V° for the induced connections on the dual spaces: 

V°xf3 = pr°'i(£x/3) {X e X^'", f3 G fi°'^), (4.28) 
V° a = pri'°(£ya) {Y G X°'\ a G fi^'°). (4.29) 

As in Example 2.22, associated to each H^'° G r2^'°(X) such that 9//^'° = 0, there 
is a complex twisted Courant algebroid structure on Clf = T^'° © (T^'°)*. Moreover, 
if two (3, 0)-forms H^''^ and H'^''^ are 9-cohomologous, then the associated twisted 
Courant algebroid structures on C^'° are isomorphic. Similarly, associated to each 
H^'^ G Q^'^{X) such that dH^'^ = 0, there is a complex twisted Courant algebroid 
structure on C^^ = T°'^ © {T^^Y- 

Proposition 4.11. Let H = H^'° + H^'^ + H^'^+H^'^ G fi^(X), where H''^ G 1]^^'^(X), 
&e a closed 3-form. Let (C]^°)/f3,o &e i/ie complex Courant algebroid structure on 
C]f = T^'° © {T^^y twisted by and {C'^^)Ho;i be the complex Courant algebroid 

structure on = T°'^©(T°'^)* twisted by H°'^. Then {C]f)H^..o and (C^^)//o,3 form 
a matched pair of Courant algebroids, with connections given by 

^xea {Y®(5)= V^r © + H^^\X, F, ■) (4.30) 
Vye/3 (X © a) = V^X © V^a + H^'^ (F, X, ■) (4.31) 

VX G X^'°, a G Y G X°'^ 

r/ie resulting matched sum Courant algebroid is isomorphic to the standard com- 
plex Courant algebroid {Tx © T^) ® C twisted by H . 



48 



Chapter 4 Matched pairs of Courant algebroids 



Proof. The Courant algebroid {C]f) hs-o is the generahzed twisted complex standard 
Courant algebroid of the complex Lie algebroid T^'°. Therefore the 3-form H^'^ must 
be closed under d. That is true, because the (4, 0)-component of dH vanishes. The 
analog considerations are true for {Cx^)ho,3. 

It is clear that (Tx ©TJ) ® C can be twisted by H. Straightforward computations 
show that this induces the twisted standard brackets on C^'° and C^'^. Also the 
connections are induced by this Courant bracket. □ 

4.2.2 Holomorphic Courant algebroids 

Let X be a complex manifold. We denote by = T^'° © (T^'°)* and C^^ = 
T^'^ © {Tx^y the generalized standard Courant algebroids. 

Definition 4.12. A holomorphic Courant algebroid consists of a holomorphic vector 
bundle E over a complex manifold X , with sheaf of holomorphic sections £, endowed 
with a C-valued non- degenerate inner product (., .) on its fibers inducing a homomor- 

phism of sheaves of Ox -modules £ ®Ox ^ ^x, o- bundle map E ^ Tx inducing 
a homomorphism of sheaves of Ox-modules £ A Qx, where Qx denotes the sheaf of 
holomorphic sections ofTx, and a homomorphism of sheaves ofC-modules £®c£ £ 
satisfying relations (2.3), (2.4), (2.5), and (2.6), where V = p* o d : Ox £ and 

0,01,02,0' e ^, /e Ox. 

Lemma 4.13 (see also Thm. 2.6.26 in [Huy05]). Let E be a complex vector bundle 
over a complex manifold X, and let £ be the sheaf of Ox-modules of sections of 
E ^ X such that each x G X has an open neighborhood U & X with T{U\E) = 
C°°{U,C) ■ £{U). Then the following assertions are equivalent. 

1. The vector bundle E is holomorphic with sheaf of holomorphic sections £. 

2. There exists a (unique) flat Tx^ -connection V on E ^ X such that 

£{U) = {a G V{U; E) s.t. Vy a = 0, VF G X°'^(X)}. (4.32) 

Lemma 4.14. Let E ^ X be a holomorphic vector bundle with £ being the sheaf of 
holomorphic sections, and V the corresponding flat T^^ -connection on E. Let (, ) be 
a smoothly varying C-valued symmetric nondegenerate C-bilinear form on the fibers 
of E. The following assertions are equivalent: 

1. The inner product (., .) induces a homomorphism of sheaves of Ox-modules 
£®Ox£ ^ Ox- 

2. For all (f),ip e T{E) and Y G X°'^(X), we have 



y(0,V^) = (Vy0,^A) + (0,Vy^). 



(4.33) 
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Lemma 4.15. Let E ^ X he a holomorphic vector bundle with 8 being the sheaf of 
holomorphic sections, and V the corresponding flat T^'^ -connection on E. Let p be a 
homomorphism of (complex) vector bundles from E to Tx- The following assertions 
are equivalent: 

1. The homomorphism p induces a homomorphism of sheaves of Ox -'modules S — )■ 

ex. 

2. The homomorphism p^'^ : E — )■ T]f obtained from p by identifying Tx to T^f 
satisfies the relation 

p^\Vy4>) = pri'0[F,pi'V], Vr G r(T°'i), <i> e T{E'''). (4.34) 

Lemma 4.16. Let {E, (., .),p,o) be a holomorphic Courant algebroid over a complex 
manifold X . Denote the sheaf of holomorphic sections of the underlying holomorphic 
vector bundle by E and the corresponding flat T'^ -connection on E by V. 

Then, there exists a unique complex Courant algebroid structure on E ^ X with 
inner product (., .) and anchor map p^'^ = ^{id—ij) o p : E T^f C Tx ® C, the 
restriction of whose Dorfman bracket to £ coincides with o. This complex Courant 
algebroid is denoted by E^'^. 

Proof. To prove uniqueness, assume that there are two complex Courant algebroid 
structures on the smooth vector bundle E ^ X whose anchor maps and inner prod- 
ucts coincide. Moreover the Dorfman brackets coincide on £ the subsheaf of holo- 
morphic sections. Then the Dorfman brackets coincide on all of T{E), because the 
holomorphic sections over a coordinate neighborhood of X are dense in the set of 
smooth sections. 

To argue for existence, note that we want the Leibniz rules 

cj)0 {g ■ iP) = p^'%(l))[g] ■ i; + g ■ {^oi;) 

(/ ■ 0) o ^ = -p^'O(^) [/] . + / . (0 o ^) + (</), ^) ■ p(i'0)*d/ 

for ^ r(£') and f,g ^ C°°(X). Therefore we define the Dorfman bracket of the 
smooth sections /0, gip, for (f),ip ^ £ as 

{f-<P)o{9-i^) =/p''°(0) [g]-^ + fg-i<Po i;) 

-gp'''mf]-<l^+{<l>.^)9-P^'''^*df . 

First we should argue that this extension is consistent with the bracket defined for 
holomorphic sections. Assume therefore that /0 is again holomorphic, where / G 
C°°{M) and (j) & £. But this implies that / is holomorphic on the open set where cj) 
is not zero. Therefore on this open set the extension says 

M • ^ + • (0 o ^) - gp'^^P) [/] ■ + (0, i,)g . p^'^'^Af 

= fp{<P) [g]-4j + fg-{<Potp)- gp{^) [/] ■ + (0, ^)g . p*df 
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where we have used that the two anchor maps coincide for holomorphic sections and 
p(i.o)*ciy = p*df. Therefore the term is just 

(/ ■ 0) o ((7 ■ ^) . 

Since the first derivatives of / and g are continuous the above relation also holds 
for the closure of the open domain where both and ip do not vanish. But on the 
complement, which is open, the term is just 0, because at least one of the terms (p or 
ip is also 0. 

Then follows a straightforward but tedious computation that shows that this 
bracket fulfills the four axioms (2.3)-(2.6). As an example we show the proof of 
the axiom (2.5): 

(/ ■ 0) o (/ ■ 0) = f ■ (0 o 0) + (0, 0)/ ■ p(i'0)M/ 
= ip*9(0,0) + (0,0)/-p(i'°)*d/ 
= ip(^'°)M(/0,/0) 

where in the last relation we used again the fact that p*d = p^^'^^*d when applied to 
holomorphic functions. □ 

Define a flat C^^-connection ^ on by 

^r®r; e = Vy e (4.35) 
and a fiat iJ-connection ^ on by 

% iY®v) = V°.,o(,)(r ®v) = pr°'' {C,.,o^e){Y © r/)) = pr^'^ ([pi'°(e), Y] © £,i,o(,)r7), 

(4.36) 

where pr°'^ denotes the projection of (Tx © T^) © C onto T^^ © (T^'^)*. 
We can write the identity (4.34) as 

p(^y0)-%F=[F,p(0)]. (4.37) 
Thus we have the following 

Proposition 4.17. Let (i?, (.,.), p, o) be a holomorphic Courant algebroid over a 
complex manifold X . Denote the sheaf of holomorphic sections of the underlying 
holomorphic vector bundle by E and the corresponding flat T^^ -connection on E by 
V. 

The two complex Courant algebroids C^^^ and E^'^ , together with the fiat connec- 
tions ^ and ^ given by (4.35) and (4.36), constitute a matched pair of complex 
Courant algebroids, which we call the companion matched pair of the holomorphic 
Courant algebroid E. 
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Proof. We check that C^^ © E^^^ is a Courant algebroid. Verifying (2.4)-(2.6) is 
straightforward. 

It remains to check that the Jacobi identity holds. By Proposition 4.8, it suffices 
to check that the 5 properties (4.21)-(4.25) hold. All equations are trivially satisfied 
when tti G S and G 6 © 0,x ^ T{C^^). So we are left to check that by multiplying 
the (or the respectively) with smooth functions, we get the same additional 
terms on each side of the equations. This will be demonstrated for (4.21). Set 

LHS{a2) := (oi o ^2) - {^a fli) o as - ai o (^« as) - ^^^^ „ ^ti + ^^^^ „ 0,2 ■ 

Then 

LHSif ■a2) = f- LHS{a2) + ([p{a) , p{a,)] + p(^,, a) - p( V„ ai)) [/] ■ 

and the second term on the right hand side vanishes due to (4.37). Thus the left hand 
side of (4.21) is C°°-linear in as. Similarly, setting 

RHS{a2) := -U{a, ^{ai, as) + |d(ai, as)) - \V{a, fi(ai, as) + |d(ai, as) ) , 

we get 

RHS{f ■ as) = / ■ RHS{a2) . 

Thus the right hand side of (4.21) is also C°°-linear in as. Analog considerations 
result in coinciding terms for both sides of (4.21) when multiplying ai or a with a 
smooth function. □ 

In fact, the converse is also true. 

Proposition 4.18. Let X be a complex manifold. Assume that (C^^, B) is a matched 
pair of complex Courant algebroids such that the anchor of B takes values in T^'°, 
both connections ^ and are fiat with the B-connection v on being given by 
{Y (Bf]) = V°(g)(F © 77). Then there is a unique holomorphic Courant algebroid E 
such that B = E^'^ . 

Proof. The fiat C°'^-connection induces a fiat T^'^-connection on B. Hence there is 
a holomorphic vector bundle E X such that E^'^ = B, according to Lemma 4.13. 
Since the connection ^ preserves the inner product on B and is compatible with 
the anchor map (4.34), E inherits a holomorphic inner product and a holomorphic 
anchor map. It remains to check that the induced Dorfman bracket is holomorphic 
as well. If ai,as G S are two holomorphic sections of E and a G Qx © is an 
anti-holomorphic section of C^f, then all terms of equation (4.21) except the first one 

vanish. But then the first one ^ (ai o as) also has to vanish. This shows that the 
Dorfman bracket of two holomorphic sections is itself holomorphic. □ 
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4.2.3 Flat regular Courant algebroid 

A Courant algebroid E is said to be regular iff F := p{E) has constant rank, in which 
case p{E) is an integrable distribution on the base manifold M and kerp/(kerp)^ is 
a bundle of quadratic Lie algebras over M. It was proved by Chen et al. [CSX09] 
that the vector bundle underlying a regular Courant algebroid E is isomorphic to 
F* (B Q (B F, where F is the integrable subbundle p{E) of TM and g the bundle 
ker p/(ker p)-*" of quadratic Lie algebras over M. Thus we can confine ourselves to 
those Courant algebroid structures on F* © g © F where the anchor map is 

p(ei + ri + xi) =a;i, (4.38) 

the pseudo-metric is 

(6 + ri + xi, 6 + r2 + X2) = (ei, X2) + (6, xi) + (ri, rs)^ , (4.39) 

and the Dorfman bracket satisfies 

prg(riOr2) = [ri,r2]g . (4.40) 

Here ^i,.^2 ^ F"*, ri,r2 G g, and Xi,X2 G F. We call them standard Courant 
algebroid structures on F* © g © F. 

Theorem 4.19. [CSX09] A Courant algebroid structure on F* g (B F , with pseudo- 
metric (4.39) and anchor map (4.38), and satisfying (4.40), is completely determined 
by the following data: 

• an F-connection V on g, 

• a bundle map TZ : /\^ F ^ g, 

• and a 3-form H G r(A^F*) 
satisfying the compatibility conditions 

£,(r, s)g = (V, r, s), + (r, V, s)g, (4.41) 

[r, s]g = [V. r, s]g + [r, V. s]„ (4.42) 

(V. n{y, z) - 7^([x, yl z)) + c.p. = 0, (4.43) 

V, r - Vy V, r - '^.^j,] r = [TZ{x, y), r],, (4.44) 

dFH = {n,n), (4.45) 

for all x,y, z E T{F) and r, s G r(g). Here {TZ, TZ)g denotes the 4-form on F given by 
(7^,7^)g(a;l,a;2,a:3,X4) = j ^ sgn(c^)(7^(x^(l), x^(2)), 7^(x^(3), x^(4)))g, (4.46) 

a-£S4 



where Xi,X2,X3,X4 G F. 
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The Dorfman bracket on E = F* (B Q (B F is then given by 

XiOX2 = H{xi, X2, _) + TZ{xi, X2) + [xi, X2], (4.47) 

riors = P(ri,r2) + [ri,r2]g, (4.48) 

eior2 = riO^2 = 6o6 = 0, (4.49) 

Xioe2 = /:,,6, (4.50) 

C.lOX2 = -Cr,2^l + dF{C.l,X2), (4.51) 

xi o r2 = -ra 0x1 = -2Q(xi, rg) + V^^ rg, (4.52) 

for all ^1,6 e r(F*), ri,r2 G r(s), x,,X2 G r(F). Here d,. : C°°(M) -> r(F*) 
denotes the leafwise de Rham differential, and the map P : r(g) ® r(g) — )■ T{F*) and 
Q : r(F) (g) r(0) -> r(F*) are defined by the relation 

(P(ri,r2),2/) = 2(r2,V,ri)g (4.53) 

and 

{Q{x,v),y) = {v,n{x,y)),. (4.54) 

Definition 4.20. A standard Courant algebroid E = F* Q) Q ® F is said to be flat if 
{71, 71)q vanishes. 

Proposition 4.21. Let E = F* (B Q(B F be a flat standard Courant algebroid. Then 
{F (B F*)h and g form a matched pair of Courant algebroids, and E is isomorphic to 
their matched sum, where {F(BF*)h denotes the twisted Courant algebroid on F(BF* 
by the 3-form H . Here the {F © F*)h connection on g is given by 

'^,+5r = V,r, (4.55) 
while the g-connection on {F © F*)h is is given by 

V^(X©0 = 2Q(X,r) ©0 (4.56) 

Proof. Due to the flatness of the Courant algebroid the 3-form H G Q\.j{F) is closed. 
Therefore we can construct the twisted standard Courant algebroid {F (B F*) h ■ We 
compare the components of the Dorfman bracket of the sum Courant algebroid g © 
(F © F*)h with the components of the bracket (4.47)-(4.52) and see that for the 
choice (4.55) and (4.56) both coincide. □ 
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Definition 4.22. A Dirac structure D in a Courant algebroid {E, (., .),o, p) with split 
signature is a maximal isotropic and integrable subbundle. 
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Proposition 4.23. Given a matched pair {Ei,E2) of Courant algebroids and Dirac 
structures Di C Ei and D2 C E2, the direct sum Di ® D2 is a Dirac structure in the 
Courant algehroid Ei® E2 iff^a^ ^ ^i^i) ^'^^ « £ ^(^2) for all a G T{D2) and 

a e r(Di). 

Proof. Maximal isotropy is obvious. Botli conditions are necessary, because (a © 0) o 
(0 © a) = — © ^aC(. It remains to clieck that also the i?2-component of the 
Dorfman bracket of two sections of Di is in D2 (and vice versa). Indeed, we have 



The RHS vanishes due to isotropy of Di. Therefore, due to maximal isotropy of D2, 



Corollary 4.24. Let Di (resp. D2) he a Dirac structure in a Courant algehroid Ei 
(resp. E2). //(-El, £'2) is a matched pair of Courant algehroids and [Di, D2) a matched 
pair of Dirac structures, then {Di, D2) is a matched pair of Lie algehroids. 



(0 © a, (a © 0) o (6 © 0)) = (Va a, 6)1 



(4.57) 



Q{a,/3) must be in D2. 



□ 
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